RATIONAL POINTS OVER FINITE FIELDS FOR REGULAR 
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Abstract. Let J? be a discrete valuation ring of mixed characteristics (0,p), with 
finite residue field k and fi^action field K, let k' be a finite extension of k, and let X 
be a regular, proper and flat i?-scheme, with generic fibre Xk and special fibre Xt- 
Assume that Xk is geometrically connected and of Hodge type > 1 in positive 
degrees. Then we show that the number of fc'-rational points of X satisfies the 
congruence = 1 mod \k'\. Thanks to [BBE07], we deduce such congruences 

from a vanishing theorem for the Witt cohomology groups H''{Xh, VKOx^.q), for 
g > 0. In our proof of this last result, a key step is the construction of a trace 
morphism between the Witt cohomologies of the special fibres of two fiat regular 
_R-schemes X and Y of the same dimension, defined by a surjective projective 
morphism f : Y ^ X. 
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1. Introduction and first reductions 

Let i? be a discrete valuation ring of mixed characteristics (0,p), with perfect 
residue field k, and fraction field K. The main goal of this article is to prove the 
following theorem. 

Theorem 1.1. Let X be a proper and flat R-scheme, with generic fibre Xk, such 
that the following conditions hold: 

a) X is a regular scheme. 

b) Xk is geometrically connected. 

c) Hi{XK,Ox^) = 0forallq>l. 

Ifk is finite, then, for any finite extension k' ofk, the number of k' -rational points 
of X satisfies the congruence 

(1.1.1) \X{k')\ = 1 mod |A;'|. 

Condition c) should be viewed as a Hodge theoretic property of Xk , which can be 
stated by saying that Xk has Hodge type > 1 in positive degrees. Prom this point 
of view, this theorem fits in the general analogy between the vanishing of Hodge 
numbers for varieties over a field of characteristic 0, and congruences on the number 
of rational points with values in finite extensions for varieties over a finite field. 
This analogy came to light with the coincidence between the numerical values in 
Deligne's theorem on smooth complete intersections in a projective space [SGA 7 H, 
Expose XI, Th. 2.5], and in the Ax-Katz theorem on congruences on the number of 
solutions of systems of algebraic equations [Kz71, Th. 1.0]. It has been made effective 
by Katz's conjecture [Kz71, Conj. 2.9] relating the Newton and Hodge polygons 
associated to the cohomology of a proper and smooth variety (and generalizing 
earlier results of Dwork for hypersurfaces [Dw64]). For varieties in characteristic p, 
this conjecture was proved by Mazur ([Ma72], [Ma73]) and Ogus [B078, Th. 8.39]. 
In the mixed characteristic case, where a stronger form can be given using the Hodge 
polygon of the generic fibre, it is a consequence of the fundamental results in p-adic 
Hodge theory. Our proof of Theorem 1.1 makes essential use of the unequality 
between these two polygons, but the setup of the theorem is actually more general, 
since the scheme X is not supposed to be semi-stable over R. 

Let us also recall that a result similar to Theorem 1.1 has been proved by the 
second author [Es06, Th. 1.1] by l-adic methods, with condition c) replaced by a 
coniveau condition: for any q>l, any cohomology class in if||.(X^, Q^) vanishes in 
H^^{Uj^, Qi) for some non empty open subset U C Xk- It is easy to see, using [De71], 
that this coniveau condition implies that the Hodge level of Xk is > 1 in degree 
q > 1 (see [1106, 4.4 (d)] for a more general discussion). It would actually follow 
from Grothendieck's generalized Hodge conjecture [Gr69] that the two conditions 
are equivalent. In this article, the use of p-adic methods, and in particular of p-adic 
Hodge theory, allows us to derive congruence (1.1.1) directly from Hodge theoretic 
hypotheses. 

1.2. As explained by Ax [Ax64], congruences such as (1.1.1) can be expressed in 
terms of the zeta function of the special fibre X^ of X. We recall that the rationality 
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of the zeta function Z{Xk,t) allows to define the slope < 1 part Z^^{X}~,t) of 
Z{Xk,t) as follows [BBE07, 6.1]. Let |A;| =p", and write 

Z{Xk,t) = \{{l-a,t)/\{{l-f}jt), 

i 3 

with ai,/3j G Qp and ai / (3j for all Normalizing the p-adic valuation v of Qp 
by ^(p") = 1, one sets 

Z<\Xk,t)= J] {l-a^t)/ J] (l-/3,t). 

v{ai)<l v{/3j)<l 

Then the congruences (1.1.1) are equivalent to 

(1.2.1) z<\X,,t) = ^^ 
[BBE07, Prop. 6.3]. 

On the other hand, let W{Oxk) be the sheaf of Witt vectors with coefficients 
in Ox^, and WOxk,q = W{Oxk) <^ Q- Then the identification of the slope < 1 
part of rigid cohomology with Witt vector cohomology provides the cohomological 
interpretation 

(1.2.2) Z<\Xk,t) = lldet{l-tF''\H\Xk,WOx„Q))^-'^'^\ 

i 

where F is induced by the Frobenius endomorphism of W{Ox^.) [BBE07, Cor. 1.3]. 
Therefore, Theorem 1.1 is a consequence of the following theorem, where k is only 
assumed to be perfect: 

Theorem 1.3. Let X be a regular, proper and flat R-scheme. Assume that 
H1{Xk, Oxk) = for some q>l. Then: 

(1.3.1) H'i{Xk,WOx,,Q) = 0. 

Proof of Theorem 1.1, assuming Theorem, 1.3. Let us prove here this implication, 
which is easy and docs not use the regularity assumption on X. Let W = W{k), and 
Kq = Frac(VF). Thanks to (1-2.1) and (1.2.2), Theorem 1.3 implies that it suffices 
to prove that the homomorphism Kq — >■ H^{Xk, VFOx^.q) is an isomorphism. 

Since X is proper and flat over R, H^{X,Ox) is a free flnitely generated ill- 
module. As the generic fibre Xk is geometrically connected and geometrically re- 
duced, the rank of H^{X, Ox) is 1. The homomorphism R — > H^{X, Ox) maps 1 to 
1, hence Nakayama's lemma implies that it is an isomorphism. Applying Zariski's 
connectedness theorem, it follows that Xj. is connected, and even geometrically con- 
nected, since the same argument can be applied after any base change from R to 
R' , where R' is the ring of integers of a finite extension of K. 

On the other hand, let k be an algebraic closure of k, and let k' be a finite extension 
of k such that ^fcred defined over k' . As k' is separable over k, the homomor- 
phisms Wn{k) Wn{k') are finite etale liftings of — > /c', and the homomorphisms 
Wn{k') ®Wr.{k) Wn{Oxk) Wn{Oxy) are isomorphisms [1179, I, Prop. 1.5.8]. It fol- 
lows that the homomorphism W{k') (^wik) H^i^k^W {Ox^)) ^ H^{Xk' ,W{Oxy)) 
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is an isomorphism, and that it suffices to prove the claim for X^/. Using the fact 
that 

by [BBE07, Prop. 2.1 (i)], it suffices to check that, if Z is a proper, geometri- 
cally connected and geometrically reduced /c-scheme, the homomorphism W{k) — > 
H^{Z,W{Oz)) is an isomorphism. 

Under these assumptions, the homomorphism k H^{Z, Oz) is an isomorphism. 
As the homomorphism R : Wn{Oz) — >■ Wn-i{Oz) is the projection of a product onto 
one of its factors, the homomorphisms H^{Z, Wn{Oz)) — > H^{Z, Wn-i{Oz)) are sur- 
jective, and one gets by induction that the homomorphism Wn{k) — ?• H^{Z, Wn{Oz)) 
is an isomorphism for all n. Taking inverse limits, the claim follows. □ 

1.4. Theorem 1.3 is deeper, and most of our paper is devoted to developing the 
techniques used in its proof. We may observe though that, in the context of Theorem 
1.1, there is a case where (1.3.1) is trivial: namely, if we replace the condition on the 
Hodge numbers of Xk , which is equivalent to requiring that the modules if {X, Ox ) 
be p-torsion modules, by the stronger condition that H'^{X,Ox) vanishes for all 
q > 1. Indeed, the flatness of X over R allows to apply the derived base change 
formula for coherent cohomology and to conclude that Hi{Xk,Ox^.) = for all 
q> I. By induction on n, one gets that H'<'{Xk,Wn{Ox^,)) = for all n, g > 1, and 
(1.3.1) follows for all g > 1 (even before tensoring with Q). 

In the general case, where the H'^{X, Ox) are p-torsion modules, we do not know 
any direct argument to derive the vanishing property stated in (1.3.1). Our strategy 
is then to use the results of p-adic Hodge theory relating the Hodge and Newton 
polygons of certain filtered F-isocrystals on k, which allow to study separately the 
cohomology groups for a given q as in Theorem 1.3. In particular, when X is semi- 
stable on R, a straightforward argument using the fundamental comparison theorems 
of p-adic Hodge theory allows to deduce (1.3.1) from the unequality between the two 
polygons defined by the log crystalline cohomology of Xj.. We explain this argument 
in Theorem 2.1. 

In the rest of Section 2, we show that this argument can be modified to prove 
the vanishing of H'^{Xk,WOxk,Q) in the general case. For any finite extension K' 
of K, with ring of integers R', let Xr/ be deduced from X by base change from R 
to R'. After reducing to the case where R is complete, the first step is to apply de 
Jong's alteration theorem to construct for any m an m-truncated simplicial scheme 
Y, over the ring of integers R' of a suitable extension K' of K, endowed with an 
augmentation morphism Yq — >■ X^', such that the l^'s are pullbacks of proper semi- 
stable schemes, and Y, Xri induces an m-truncated proper hypercovering of 
Xk' (see Lemma 2.2 for a precise statement). Then, using Tsuji's extension of 
the comparison theorems to truncated simplicial schemes [Ts98], we show that, in 
this situation, the cohomology group H'i{Y,k,WOY»^,iQ) vanishes. However, due to 
the possible presence of vertical components in the coskeletons, the special fibre 
y.fc of the m-truncated simplicial scheme Y, may not be a proper hypercovering of 
Xfc, and it is unclear how the groups H''{Y,^^,WOy,^.,q) are related to the groups 
H'i{Xk,WOx^,ili)- Therefore another ingredient will be necessary to complete the 
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proof. It will be provided by the following injectivity theorem, the proof of which 
will be given in section 8. 

Theorem 1.5. Let X, Y he two flat, regular R-schemes of finite type, of the same 
dimension, and let f : Y ^ X be a projective and surjective R-morphism, with 
reduction fk over Spec A;. Then, for all q >Q, the functoriality homomorphism 



defined by means of a factorization / = ttoz, where tt is the projection of a projective 
space on X, and i is a closed immersion. The key fact used in the construction 
of this trace morphism is that, under the assumptions of Theorem 1.5, i is a regular 
immersion of codimension d, or, said otherwise, that / is a complete intersection 
morphism of virtual relative dimension 0, in the sense of [SGA 6, Expose VIII]. 

Sections 3 to 7 are devoted to the construction of Ti^T^. In section 3, we state a 
similar result for Ox, providing a canonical trace morphism 



whenever X is a noetherian scheme with a relative dualizing complex, and f lY ^ 
X is a proper complete intersection morphism of virtual relative dimension (see 
Theorem 3.1). The existence of r/ has been observed by El Zein as a particular case 
of his construction of the relative fundamental class [E178, IV, Prop. 6]. However, 
there does not seem to be in the literature a complete proof of the properties listed 
in Theorem 3.1. Due to the many corrections and complements to [Ha66] made 
by Conrad in [CoOO], wc have included in an Appendix the details of a proof of 
Theorem 3.1 based on [CoOO]. So we refer to B.7 for the definition of rj, and to B.9 
for the proof of Theorem 3.1. When Y is finite locally free of rank r over X, the 
composition of the functoriality morphism Ox — >■ l^/*(Cy) with r/ is multiplication 
by r on Ox ■ This has striking consequences for the functoriality maps induced by / 
on coherent cohomology (sec Theorem 3.2). For example, if r is invertible on X, one 
obtains an injectivity theorem which may be of independent interest. An outline of 
the construction of r/ is given in the introduction to the Appendix. 

To construct the trace morphism Ti^T^, we consider more generally a projective 
complete intersection morphism f -.Y ^ X of virtual relative dimension between 
two noetherian Fp-schemes with dualizing complexes. Under these assumptions, we 
construct a compatible family of morphisms 



for n > 1, with Ti^^^i = Tf. Our main tool here is the theory of the relative de 
Rham-Witt complex developped by Langer and Zink [LZ04]. In Section 5, we recall 

some basic facts about their construction, and we extend to the relative case some 
structure theorems proved by Illusic [1179] when the base scheme is perfect (see in 
particular Proposition 5.7 and Theorem 5.13). Then we define Tj^Tr.n by combining 




Tf : Rf^Or) ^ Ox, 



'i,7r,n • 
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two morphisms. On the one hand, we consider a projective space P := with 
projection tt on X, and we define in Section 6 a trace morphism 

Trp^,„ : R7:,{Wnnj,/^[d]) ^ Wn{Ox), 

using the d-th power of the Chcrn class of the canonical bundle Op{l). On the other 
hand, we consider a regularly embedded closed subscheme y of a smooth X-scheme 
P, and we define in Section 7 a relative Hodge- Witt fundamental class for Y in P, 
which is a section of ^y(WnOp^^) and defines a morphism 

with i : Y ^ P and d, = codimp(y). This allows to define the morphism ri^7r,n 
as being the composition Trp^^„ o M7r*(7j^,r,n)- The proof of Theorem 1.5 is then 
completed in Section 8 thanks to a theorem relating the morphisms Tj,,r,n defined by 
the reduction mod p of a factorization of the given morphism f : Y ^ X over R, 
and the morphism rj defined by /. 

It may be worth pointing out here that these results seem to indicate that 
Grothendieck's relative duality theory for coherent O-modules can be generalized 
to some extent to the Hodge-Witt sheaves, as was already apparent from [Ek84] 
when the base scheme is a perfect field. We do not try to develop such a generaliza- 
tion in this article, and we limit ourselves to the properties needed for the proof of 
Theorem 1.1. For example, it is very likely that the morphisms Ti,7r,n only depend on 
/, and not on the chosen factorization f = iroi, but this is not needed here, and we 
do not prove it in this article. A natural context one might think of for developing 
our results is the theory of the trace map for projectively embeddablc morphisms 
outlined in [Ha66, HI, 10.5 and §11]. However, as discussed by Conrad in [CoOO, 
p. 103-104], the foundational work needed for the definition of such a theory has not 
really been done even for coherent O-modules. We hope to return to these questions 
in another article. 

Finally, we conclude in Section 9 by giving a family of examples to which Theorem 
1.1 can be applied, but which are not covered by earlier results, nor by cases where 
Theorem 1.3 can be proved directly, such as the trivial case where H^{X, Ox) = 
for alH > 1, or the semi-stable case. These examples are obtained for p > 7, and 
are quotients of an hypersurface of degree p in a projective space P]^ ^ by a free 
(Z/pZ)-action. Their generic fibre is a smooth variety of general type, and their 
special fibre has isolated singularities, at least when p is not a Fermat number. 
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General conventions 

1) All schemes under consideration are supposed to be separated. By a pro- 
jective morphism f : Y ^ X, we always mean a morphism which can be factorized 
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as / = TToi, where i is a closed immersion in some projective space P^, and vr is the 
natural projection — >■ X. 

2) In this paper, we use the terminology of [SGA 6] for complete intersection 
morphisms: a morphism of schemes f -.Y —> X \s said to be a complete intersection 
morphism if, for any y & Y, there exists an open neighbourhood U of y in y such 
that the restriction of / to C/ can be factorized as /|(7 = vr o i, where tt is a smooth 
morphism and i a regular immersion [SGA 6, VIII, 1.1]. Note that this notion of 
complete intersection morphism is more general than the notion of "local complete 
intersection map" used in [Ha66] and [CoOO] , where "lei map" is only used for regular 
immersions. 

If d is the codimension of i at y, and n the relative dimension of tt at i{y), the 
integer m = n — d does not depend upon the local factorization f\i/ = tt o i, and 
is called the virtual relative dimension of / at y [SGA 6, VIII, 1.9]. One says that 
/ has constant virtual relative dimension m if the integer m does not depend upon 
y. We will always assume in this paper that the virtual relative dimension of the 
morphisms under consideration is constant (however, the dimension of the fibres of 
such morphisms can vary). 

3) Apart from the previous remark, we will use the definitions and sign con- 
ventions from Conrad's book [CoOO]. In particular, when i : Y ^ P is a regular 
immersion of codimension d defined by an ideal I C Op, we define ojy/p by 

rather than as in [Ha66, III, p. 141] (see [CoOO, p. 7]). The canonical 

identification between both definitions is given by [Bo70, III, §11, Prop. 7]. 

4) If R, S are commutative rings, R ^ S a ring homomorphism, and X an 
i?-scheme, we denote by Xs the S-scheme SpecS Xspecil 

5) If £' is a complex, we denote by {a>i£*)iQZ the naive filtration on £*, i.e., 
the filtration defined by a>i£"' = if n < i, a^iS"- = if n > i. 

6) If AT is a scheme (resp. locally noetherian scheme), we denote by D^^{Ox) 
(resp. D^oh{Ox)) the full subcategory of the derived category D{Ox) which has as 
objects the bounded complexes with Ox-quasi-coherent (resp. Ox-coherent) coho- 
mology sheaves. We denote by D^^{Ox) C D(Ox) the full subcategory of com- 
plexes which are isomorphic to a bounded complex of flat Ox-modules. Adding 
several of the indices to -D^(Ox), as in -0^^, frp^(Ox), means taking the intersection 
of the corresponding subcategories. 

When relevant, we will use similar notations for the analogous subcategories of 
D{Ox) and D+{Ox). 

2. Application of p-ADic Hodge theory 

We explain in this section how the fundamental results of p-adic Hodge theory 
can be used to prove Theorem 1.3. We begin with the semi-stable case, where p-adic 
Hodge theory suffices to conclude, and which will serve as a model for the general 
case. We use the notations R, K, k as in the introduction. 
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Theorem 2.1. Let X be a proper and semi- stable R- scheme, with generic fibre 
Xk and special fibre X^, and let q > be an integer. If H'^{Xk,Oxk) = 0; then 
Hi{Xk,WOx,M) = 0- 

Proof. We may assume that i? is a complete discrete valuation ring. Indeed, if R is 
the completion oi R, K = Prac(i?) and X = X^, then X is proper and semi-stable 
over R, Hi{Xg., O^^) = K ®k H'^{Xk, Oxk) = 0, and X and X have isomorphic 

special fibres. So the theorem for X implies the theorem for X. 

We endow S = Spec R with the log structure defined by the divisor Spec k C S, 
Sq = Spec A; with the induced log structure, and we denote by S, Sq the corre- 
sponding log schemes. Similarly, we endow X with the log structure defined by the 
special fibre X^, X^ with the induced log structure, and we denote by X, X^ the 
corresponding log schemes. Then X is smooth over S, and X^ is smooth of Cartier 
type [Ka89, (4.8)] over Sq. 

Let Wn = Wnik) (resp. W = W{k)), and let S„ (resp. S) be the log scheme 
obtained by endowing S„ = SpecW„ (resp. S = SpecW) with the log structure 
associated to the pre-log structure defined by the morphism Msq — )• Os,, = Oei — >■ 
Cs„ (resp. Oe) provided by composition with the Teichmiiller representative map. 
We can then consider the log crystalline cohomology groups Hcrys{X/^n)-, which are 
finitely generated Wjj-modules endowed with a Probenius action if and a monodromy 
operator N. The log scheme X^ also carries a logarithmic de Rham-Witt complex 
W^'yr^ = ^hn^^ M^n^Xfc' constructed by Hyodo [Hy91] in the semi-stable case, and 
generalized by Hyodo and Kato [HK94, (4.1)] to the case of smooth So-log schemes 
of Cartier type. In degree 0, we have 

(2.1.1) Wn^l^ = Wn{Ox,), 

by [HK94, Prop. (4.6)]. 

It follows from [HK94, Th. (4.19)] that, for all there are canonical isomorphisms 

(2.1.2) i?cVs(^fe/Sn) ^ H'i{Xk, Wnn\^), 

which are compatible when n varies, and commute with the Frobcnius actions. As 
X)^ is proper over Sq, these cohomology groups are artinian Il/'-modules. Therefore 
one can apply the Mittag-Leffler criterium to get canonical isomorphisms 
(2.1.3) 

i?c%s(^fe/S) ^ l^i^cV(^fe/^n) ^ ^H^Xk.Wn^'x,) ^ H^X^.W^'x,) 

n n 

compatible with the Probenius actions. Using the naive filtration of W^^^x^, and 
tensoring by Kq, one obtains a spectral sequence 

(2.1.4) E^^ = W{Xk, Wni,J ®Ko ^ Hi+',{Xkm ® Kq 

endowed by functoriality with a Probenius action F*. The operators d, F and V on 
the logarithmic de Rham-Witt complex satisfy the same relations than on the usual 

de Rham-Witt complex [HK94, (4.1)], and the structure theorems of [1179] remain 
valid in the logarithmic case [HK94, Th. (4.4) and Cor. (4.5)]. It follows that, for all 
i, j, the iCo-vector space H^{Xk, )'^Ko is finite dimensional, and the action of 



RATIONAL POINTS OF REGULAR MODELS 



9 



F* on this space has slopes in + 1[ [Lo02, 3.1]. Therefore, the spectral sequence 

(2.1.4) degenerates at Ei, and yields in particular an isomorphism {Hcrys{Kk/W <^ 
Ko)'^^ ^ H'i{Xk,Wn°Xi^) (8) Ko, the source being the part of i?crys(.^fe/S) (g) Kq 
where Frobenius acts with slope < 1. Thanks to (2.1.1), we finally get a canonical 
isomorphism 

(2.1.5) (if,%,(Xfc/S) ® Ko)<' Hi{Xk, WOx,,q)- 

On the other hand, the choice of an uniformizer of R determines a Hyodo-Kato 
isomorphism [HK94, Th. (5.1)] 

(2.1.6) p : m^yMkm) ®wK^ H^iXK, ^x^,k)- 

This allows to endow i?crys(^fc/S) ®w K with the filtration deduced via p from 
the Hodge filtration of H1{Xk,^*Xj^/k)- Together with its Frobenius action and 
monodromy operator, Hc,:ys{Xk /^) is then a filtered (93, iV)-module as defined 
by Fontaine [Fo94, 4.3.2 and 4.4.8]. As such, it has both a Newton polygon, built as 
usual from the slopes of the Frobenius action, and a Hodge polygon, built as usual 
from the Hodge numbers of H'1{Xk, ^Xj^/k)- ^ow, let K be an algebraic closure of 
K, and let Bgt, 5(Jr be the Fontaine ;?-adic period rings. Then Tsuji's comparison 
theorem [Ts99, Th. 0.2] provides a Sgt-linear isomorphism 

(2.1.7) B,t H^rysiKtm) ^ ®K H^X^, Qp), 

compatible with the natural Galois, Frobenius and monodromy actions on both sides, 
and with the natural Hodge filtrations defined on both sides after scalar extension 
from Bst to SdR- Thus i^crys(:^fc/S) -f^o is an admissible filtered (99, A^)-module 
[Fo94, 5.3.3], and therefore is weakly admissible [Fo94, 5.4.2]. This implies that 
its Newton polygon lies above its Hodge polygon [Fo94, 4.4.6]. In particular, either 
H^s{Xk/'^)(SiKQ = 0, or the smallest slope of its Newton polygon is bigger than the 
smallest slope of its Hodge polygon. By assumption, the latter is at least 1, which 
forces the part of slope < 1 of HcTys{Xk/^) ® to vanish. Thanks to (2.1.5), this 
implies the theorem. □ 

In the general case, we will use truncated simplicial log schemes satisfying the 
conditions of the next lemma. We will assume that all the log schemes under con- 
sideration are fine log schemes [Ka89, (2.3)], and all constructions involving log 
schemes will be done in the category of fine log schemes. For any finite extension K' 
of K, with ring of integers R', we will endow Speci?' with the log structure defined 
by its closed point, and pullbacks of log schemes to Speci?' will mean pullbacks in 
the category of log schemes. Note that, because of [Ka89, (4.4) (ii) and (4.3.1)], 
the underlying scheme of such a pullback is the usual puUback in the category of 
schemes. We will denote log schemes by underlined letters, and drop the underlining 
to denote the underlying schemes. 

Lemma 2.2. Assume that R is complete, and that X is an integral, flat R-scheme 
of finite type. Let m > be an integer. Then there exists a finite extension K' of K, 
with ring of integers R' , a split m-truncated simplicial R' -log scheme Y_, = (Y,, My,) 
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[SGA 4 II, Vbis, 5.1.1], and an augmentation morphism u : Yq ^ Xri over R' , such 
that the following conditions hold: 

a) For each r, Y^ is projective over Xri, andYr is a disjoint union of pullbacks 
to R' of semi-stable schemes over the integers of sub-K -extensions of K' endowed 
with the log structure defined by their special fibre; 

b) Via the augmentation morphism induced by u, Y, k' is an m-truncated proper 
hypercovering of Xk'; 

c) There exists a projective R-alteration f :Y ^ X, where Y is semi-stable over 
the ring of integers Ri of a sub-K -extension Ki of K' , and there exists finitely many 
R-embeddings ai : Ri ^ R' , such that, if ui : y — > Xr^ denotes the Ri-morphism 
defined by f, and if (resp. Ycr^ Xri) denotes the R' -scheme {resp. R'- 
morphism) deduced by base change via Ui from Y {resp. ui), then Yq = Uj^o-j and 

Therefore, we obtain the fonowing commutative diagram: 

(2.2.1) Yo = Ui Ya, ^ 5 ^ Y 




Xri ^ Xr^ ^ X. 

Proof. This is a well known consequence of de Jong's alteration theorem [dJ96, 
Th. 6.5]. For the sake of completeness, we briefly recall how to construct such a 
simplicial log scheme. For r > 0, we denote by [r] the ordered set {0, . . . , r}, and by 
A (resp. A[m]) the category which has the sets [r] (resp. with r < m) as objects, 
the set of morphisms from [r] to [s] being the set of non-decreasing maps [r] [s\. 

One proceeds by induction on m. Assume first that m = 0. De Jong's theorem 
provides a finite extension Ki of K, an integral semi-stable scheme Y over the ring 
of integers R\ of i^i, and an i?-morphism f -.Y ^ X which is a projective alteration. 
Let Ml : y — 7- Xr^ be the morphism defined by /. Let K' be a finite extension of Ki 
such that K' /K is Galois, and let R' be its ring of integers. For any g € Gal{K' /K)^ 
let Gg be the composition Ki ^ K' ^ K', and let Yg (resp. Ug : Yg ^ Xri) be the 
i?'-log scheme (resp. i?'-morphism) deduced from Y (resp. u\) by base change via 
ag : Ri ^ R' . Then one defines Yo and u by setting 

1:0= n ^1^9 = ^9- 

geGcd{K'/K) 

One easily checks by Galois descent that Yq k' — )■ X^' is surjective, and conditions 
a) - c) are then satisfied. 

Assume now that the lemma has been proved for m — 1. Over the ring of integers 
R" of some finite extension K" of K, this provides a split (m—1) -truncated simplicial 
log scheme Y", together with an augmentation morphism u" : Yq — >■ Xrh, so as to 
satisfy conditions a) - c). Note that these conditions remain satisfied after a base 
change to the ring of integers of any finite extension of K" . Let cosk„j_i(y^') be 
the coskeleton of Y'^ in the category of simplicial fine R"-\og schemes, and Z = 
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coskm-i{Y'^)m its component of index m. Denote by Zi,. . . ,Zc those irreducible 
components of Z which are flat over R", and endow each Zj with the log structure 
induced by the log structure of Z. As a consequence of condition a), this log structure 
induces the trivial log structure on the generic fibre Zj^k"- Applying de Jong's 
theorem to Zj, one can find a finite extension Kj of K", with ring of integers R'j, 
an integral semi-stable scheme Tj over Rj and a projective alteration fj : Tj — ;> Zj. 
One endows Tj with the log structure defined by its special fibre. Because the log 
structure of the generic fibre Zj^x" is trivial, the morphism fj extends uniquely to 
a log morphism fj : Tj — t- Zj. Let K' be a Galois extension of K" containing K'^ 
for all J, 1 < J < c, and let R' be its ring of integers. Arguing as in the case m = 
above, one can deduce from the alterations fj an i2'-morphism 

c 

(2.2.2) T \[ZjR, Zr, ^ cosk„_i(y'.',iiOm 

i=i 

where T satisfies condition a), and Tx' cos]s.m-i{Xi',K')m is projective and surjec- 
tive (note that, since all log structures are trivial on the generic fibres, the generic 
fibre of the coskeleton computed in the category of fine log schemes is the coskeleton 
of the generic fibres computed in the category of schemes). One can then follow the 
method of Saint-Donat [SGA 4 II, Vbis, 5.1.3] and Deligne [De74, (6.2.5)] to extend 
X.'i,R> as a split m-truncated simplicial log scheme Y_, over R' . The R'-\og scheme 
Y^rn is defined by 

[m]-»[/], l<m 

where N{Y_i) is the complement of the union of the images of the degeneracy mor- 
phisms with target Y_i. It satisfies condition a) because T does and Y_, is split. Sim- 
ilarly, the morphism 1^,^' — ^ coskm-i(X*,K')ra is proper and surjective because the 
morphism Tk' — ^ coskm-\{Yl[K')m is proper and surjective. Thus the m-truncated 
simplicial scheme Y,^^' is an m-truncated proper hypercovering of Xx'- Finally, 
condition c) is satisfied thanks to the induction hypothesis. □ 

2.3. We recall how to associate cohomological invariants to simplicial schemes and 
truncated simplicial schemes (sec [SGA 4 II, Vbis, 2.3], [Dc74, 5.2], [Ts98, (6.2)]). 

If T is a topos, we denote by (resp. T^^*"') the topos of cosimplicial objects 
(resp. m-truncated cosimplicial objects) in T. Let .4 be a ring in T, and A' the 
constant cosimplicial ring defined by A. If £* is an ^•-module of (resp. T^H), 
one associates to £' the complex 

E.£' = ^ f 1 ^ • • • ^ f ^ ) £^+^ ^ • • • 
(resp. e'l'S' = £^ ^ ^ > S"" ^ ^ ■ ■ ■ ). 

One views (resp. e^£*) as a filtered complex of .4-modules using the naive fil- 
tration. The functors e* and are exact functors from the category of .4*-modules 

to the category of filtered complexes of ^-modules (which means that they transform 
a short exact sequence of yl*-modules into a short exact sequence of filtered com- 
plexes, i.e., such that the sequence of FiP's is exact for all i). Hence, they factorize 
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SO as to define exact functors Re* and Mef from D+{T^,A*) (resp. D+ {T^^'^\ A*)) 
to D'^FiJ'^A). For any complex G they provide functorial spectral 

sequences 

(2.3.1) = W{£''^') 7^^+«(Me,(5*'*)) 

and similarly for Me^ with E^'"^ = for r > m (we use here the first index to 
denote the simplicial degree). Note that the truncation functor induces a functorial 
morphism 

(2.3.2) Re^rn Me^(sk„^(r••)), 

and therefore a morphism between the corresponding spectral sequences (2.3.1). It 
follows that, if ^{S^'*) = for g < and all r, then the morphism (2.3.2) is a 
quasi-isomorphism in degrees < m. 

Let Y, be a simplicial scheme (resp. m-truncated simplicial scheme), and Sets the 
topos of sets. If i? is a commutative ring, and S' a (Zariski, etale, . . . ) sheaf of i?- 
modules on Y,, one can associate to £' a cosimplicial i?'-module T' (¥,,£') G Sets ^ 
(resp. Sets^["^l) by setting for all r > 

r{Y„£')=T{Yr,£n- 

The functor V can be derived, and its right derived functor RF' can be computed 
using resolutions by complexes I*'* such that, for each r, q, the sheaf X''''? is acyclic 
on Yf. The cohomology of Y, with coefficients in a complex £*'* is then by definition 

RF(Y.,f*'*) =Re*Rr'(y.,f''') (resp. Re™), 
Hi{Y,,£'^') = H'i{M.r{Y„£'^')). 

If Y, is a smooth simplicial (resp. m-truncated simplicial) i2-scheme, this can be 
applied to the complex ^y^^j^ and to its sub-complexes o'>i^Y,/jij defining the naive 
filtration. This provides the definition of the de Rham cohomology of Y», and of its 
Hodge filtration. 

Proposition 2.4. Let K be a field of charactristic 0, X a proper and smooth K- 
scheme, Y, ^ X an m-truncated proper hypercovering of X over K such that Yy is 
proper and smooth for all r. Then, for all q < m, the canonical homomorphism 

(2.4.1) m{x, fi^/^) Hi{Y.,n-y^^^) 

is an isomorphism of filtered K -vector spaces for the Hodge filtrations. 

Proof. Since algebraic dc Rham cohomology (endowed with the Hodge filtration) 
commutes with base field extensions, standard limit arguments allow to assume 
that K is of finite type over Q. Choosing an embedding t : ^ C, we are reduced 
to the case where K = C Using resolution of singularities, we can find a proper and 
smooth hypercovering Z, of X such that sk„((Z,) = Y,. As the morphism (2.3.2) 
for (^>i^*z,ic ^ quasi-isomorphism in degrees < m for all i, it suffices to prove the 
proposition with Y, replaced by Z,. This now follows from [De74, Prop. (8.2.2)]. □ 
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Corollary 2.5. Under the assumptions a) and b) of Lemma 2.2, assume in addition 
that Xk is proper and smooth, and that H'^{Xk,Oxk) = for some q < m. Then 
the smallest Hodge slope of H'^{Y,x',^y,^,) is at least 1. 

Proof. Assumption a) and b) imply that the hypotheses of the proposition are sat- 
isfied by Y,x' Xjc', and the corollary is then clear. □ 

2.6. Let be as in the proof of Theorem 2.1. We now denote by y, = (Y,,My,) 

an m-truncated simplicial log scheme over Si. We assume that each is smooth 
of Cartier type over Si, so that, for all n > 1, its de Rham-Witt complex Wn^iy 
is defined [HK94, (4.1)]. When r varies, the functoriality of the de Rham-Witt 
complex turns the family of complexes {Wn^Y^)o<r<m into a complex VF„Qy^ on 
Y,. One defines its cohomology as in 2.3, and one has similar definitions for the de 
Rham-Witt complex W^Tiy^ = hm^ VF„f2y^ . 

For a morphism a : [r] ^ [s] in A[m], let acrys : (Zs/^n)crys ^ (Zr/Sn)crys 
be the morphism between the log crystalline topos induced by the corresponding 
morphism Yg ~^ Y-r- One defines the log crystalline topos (1^./S„)crys as being the 
topos of families of sheaves (£^'')o<r<m) where E"^ is a sheaf on the log crystalline 
site Cxysi^r/^n)-, endowed with a transitive family of morphisms a~^^E'^ — >■ 
for morphisms a in A[m]. In particular, the family of sheaves Oy^/s„ defines the 
structural sheaf of (1^«/S„)crys) denoted by Oy./Sn- There is a canonical morphism 
^Y./s„ : (Z./Sn)crys i^.Zar, such that My,/s„^(S*)'' = «y^/s„*(-E'') for ah r. If 
£"'* is a complex of abelian sheaves in (1^./S„)crys) one proceeds as in 2.3 to define 
its log crystalline cohomology c^ysOC* E''') and its projection on the Zariski 
topos Mtty,/s„*(^*'*)- One gives similar definitions for the log crystalline topos 
(y,/S)crys relative to E. By construction, there are canonical isomorphisms 

(2.6.1) Rr(n,Mny./s„*(^*'*)) ^ Wr^^,{Y./T,n,E'^'), 

(2.6.2) Mr(y.,R«y./s*(^*'*)) ^ Mrerys(i:./S,E*'*). 

If Y_, ^ P, is a closed immersion of the m-truncated simplicial log scheme Y, into 
a smooth m-truncated simplicial S„-log scheme P, (resp. S-formal log scheme), the 
family of PD-envelopes Py^(Pr) (resp. completed PD-envelopes) [Ka89, (5.4)] de- 
fines a sheaf 7'y^(P.) on Y,, and one can form the de Rham complex Py^(P,) ®Op, 

^p./s ('^ssp. 7'y^(P,) ®Op, ^p,/s)' which is supported in Y,. Because the lin- 
earization functor L used in the proof of the comparison theorem between crystalline 
and de Rham cohomologies [Ka89, (6.9)] makes sense simplicially, this theorem ex- 
tends to the simplicial case and there is a canonical isomorphism in D^{Y».,Wn) 
(resp. D^{Y„W)) 

(2.6.3) K^y./s„*(Oy./sJ 

(2.6.4) (resp. Mny./s*(Oy./s) 

Proposition 2.7. With the hypotheses of 2.6, assume that Y, is split. Then there 
exists in D^(Y,,Wn) {resp. D~^{Y,,W)) canonical isomorphisms compatible with the 



> ^yf (Z.) ®Op. f^P./E„ 
^ ^yf (£.) ^Op. ^^P./s )• 
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transition morphisms and the Frobenius actions 

(2.7.1) lK^Xy./s„*(Oy./sJ ^ WnQy, 

(2.7.2) {resp. M«y./s*(Oy./s) ^ WQ'y, ). 

The proof will use the following lemma, due to Nakkajima [Na09, Lemma 6.1]. 

Lemma 2.8. Under the assumptions of 2.7, there exists an m-truncated simplicial 
log scheme Z, and a morphism of m-truncated simplicial log schemes Z, — > Y, such 
that, for < r < m, Zr is a disjoint union of affine open subsets ofYj. covering Yf, 
and the morphism Zf — )• Y^. induces the natural inclusion on each of these subsets. 

Definition 2.9. Let X be a scheme on which p is locally nilpotent, and n > 1 an 
integer. We denote by \X\ the topological space underlying X, and by WniX) the 
ringed space {\X\,Wn{Ox)), which is a scheme ([1179, 0, 1.5] and [LZ04, 1.10]). The 
ideal VWn-i{Ox) carries a canonical PD-stnictTirc ([II79, 0, 1.4] and [LZ04, 1.1]), 
which turns the nilpotent immersion u : X ^ Wn{X) into a PD-thickening of X. 

If X = {X,Mx) is a log scheme, we denote by WniX) = (W„(X), M^y^(^)) the 
log scheme obtained by sending Mx to Wn{Ox) by the Teichmiiller representative 
map, and taking the associated log structure [HK94, Def. (3.1)]. The immersion u 
is then in a natural way an exact closed immersion u : X "—^ WniX), functorial with 
respect to X. 

Lemma 2.10. Under the assumptions of 2.7, there exists a bisimplicial log scheme 
Zt^,, m-truncated with respect to the first index and augmented towards Y_, with 
respect to the second index, a bisimplicial formal log schemeT»^» over^, m-truncated 
with respect to the first index, and a closed immersion of bisimplicial formal log 
schemes i,^, : Z, , > T.,., such that the following conditions are satisfied: 

a) For < r < m, Zrfi is a disjoint union of affine open subsets of Y^ cov- 
ering Yr, the augmentation m,orphism Zrfi — > Yr induces the natural inclusion on 
each of these subsets, and the canonical morphism Z^^, — >■ cosk^''(sk^'"(Zr,,)) is an 
isomorphism. 

b) For < r < m and t > 0, the formal log scheme Tr,t is smooth over S 
{i.e., its reduction mod p'^ is smooth overTj^n for alln), and the canonical morphism 
Tr,» — ^ cosk^(sk^(Tr,.)) is an isomorphism. 

c) Letit^,-n '■ Z, , ^ X»,»;n be the reduction modp"' ofi,^,, and letu,^,-ri '■ Z,^, 
Wn{Z,^,) denote the morphism of bisimplicial log schemes defined by the canonical 
immersions. For variable n, there exists a compatible family of 'En-morphisms of 
bisimplicial schemes h,^,-n '■ Wn{Z,^,) — T»,»-^n such that h,^,.n ° 'f^«,«;n = i;»;n- 

Proof. Let j, : Z, — t- y, be a morphism of m-truncated simplicial log schemes 
satisfying the conclusions of Lemma 2.8. One chooses a decomposition Z^ = Yi^—r^ 
with Z" C Yj. open affine such that jr\z^ is the natural inclusion. 

Let Z^.i = Z^. Since Z^ is affine and smooth over Si, and ^ S„ is a 

nilpotent exact closed immersion, there exists for each r, a and each n > 2 a smooth 
log scheme Z".^^ over S„ endowed with an isomorphism Zf^.^^i ^n-i Xs„ Zf^-n 
[Ka89, Prop. (3.14) (1)]. Taking limits when n — )■ oo, we obtain a smooth formal log 
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scheme Z/^ over S and an isomorphism — f Ei x^^"- Moreover, the smoothness 
of over Sn. for all n implies that we can find inductively a compatible family of 
S„-morphisms g'"^ : Wn{Z") — > such that the composition Wn{Z^) — >• 

Z'^.j^ is the chosen immersion Z" ^ Z'^-n- 

Let Zr;n = \[a^r;n^ = LJa^?> l^t Vr-n ■ Zr ^ Zr;n, Vr : Zr ^ Z,. bc 

defined by the immersions Z'^ ^ and Z^ ^ and let gr-^n '■ Wn{Zr) — ^ Zr-n 
be defined by the morphisms gr-^i- We now use the method of Chiarellotto and 
Tsuzuki ([CT03, 11.2], [Tz04, 7.3]) to deduce from these data a closed immersion 
i, of Z, into an m-truncated simplicial formal log scheme T., smooth over S, with 
reduction T,-n over S^j, and a compatible family of S^j-morphisms of m-truncated 
simplicial log schemes /t,;„ : Wn{Z,) — )■ T,.ri such that h, 

■n ^•;n — '^*;nj where 

u»-n ■ Z,-n ^ Wn{Z,-n) is the Canonical morphism, and i,-ri is the reduction mod 
of i,. First, we set for < s < m 

7:[r]->[s] 

where the product is taken over S and indexed by the set of morphisms 7 : [r] — t- [s] 
in A[m], and Zr^^ = Z,- for all 7. Then any morphism 77 : [s'] — >■ [s] in A[m] defines 
a morphism Ts{Zr) ^s'i^r) having as component of index 7' the projection of 
Ts{Zr) to the factor of index 7707'. One obtains in this way an m-truncated simplicial 
formal log scheme r,(Z,.) over S, the terms of which are smooth over S. 
For each 7 : [r] ^ [s], there is a commutative diagram 

Wn{Zs) 

Zs - 

For fixed r and variable s, the family of morphisms Zg — >■ ^si^r) having the compo- 
sition Zg—T-Zr^ Zr as component of index 7 defines a morphism of m-truncated 
simplicial formal log schemes Z, — ^ r,(Zj.). We set 

r.= n ^'(^r), 

0<r<m 

and we define i, : Z, ^ T. as having the previous morphism as component of index 
r, for < r < m. For each r, the morphism Zr — > Tr{Zr) has the closed immersion 
Vr Zr ^ Zr as Component of index Idj^j. It follows that Zr — >■ T?- is a closed 
immersion for all r. 

Similarly, the family of morphisms Wn{Zs) — > Ts{^r) having the composition 

Wn{Zg) Wn{Zr) ^'^'"> Zr-ri ^ ^s Component of index 7 defines a mor- 

phism of m-truncated simplicial log schemes Wn{Z,) — )■ T,{Zr). We define h, : 
Wn{Z,) T, as having the previous morphism as component of index r for 
< r < m, and h.-ri ■ Wn{Z,) T. ■n as being the reduction of h» mod p". It 
is clear that /i,;„ o = and that the morphisms h,-ri form a compatible 
family when n varies. 



Wr,{Zr) 




Z C. 

^ vn. 



• 
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We now set Z,fi = Z,, T.,o = X»i ^^(^ we define 

Z.,. = cosk^*(Z.,o), T.,. = coskf (T.,o), 

the coskeletons being taken respectively in the category of simplicial m-truncated 
simplicial log schemes over Y, and of simplicial m-truncated simplicial formal log 
schemes over E. The augmentation morphism Z,^ Y, is given by j,, and the 
morphism i,^, is defined by setting i,^ = i, : Z,^ <—> T.,o, and extending z.^o by 
functoriality to the coskeletons. As seen above, i.^o is a closed immersion, and it 
follows from the construction of coskeletons that i,^t is a closed immersion for all t. 
Since cosk^(Tr,o)t = Xr xs x • • • Tr {t + 1 times), Tr.t is smooth over E for all 
r,t. Finally, we define h,^,-n ■ Wn{Z,^,) T,,»-n as being the composition 

W-„(cosk^*(Z.,o)) ^ cosk^"(^*)(W-„(Z.,o)) ^ coskf"(r.,o;„) ~ S„ coskf (r.,o), 

where the first map is defined by the universal property of the coskeleton (and is 
actually an isomorphism) , the second one is defined by functoriality by the morphism 
h»-n '■ Wn{Z,^Q) — ^ T»;n = X»,0;n) and the last one is the base change isomorphism for 
coskeletons. The relations h,^,-^ ° '"•,»;n = i»,»;n and the compatibility for variable n 
follow from the similar properties for the morphisms h,-n- Properties a) - c) of the 
Lemma are then satisfied. □ 



2.11. Proof of Proposition 2.7. Let 



Y. 



be a commutative diagram satisfying the properties of Lemma 2.10. Since, for all 
r < m, the morphism jrfi is locally an open immersion, the scheme underlying Zj.,t 
is the usual fibred product Zj.fi x • • • x Zr^ {t + 1 times) . Keeping the notations 
of the proof of Lemma 2.10, let ilr = (■^")a be an affine covering of Yr such that 
Zrfl = ]Jq, .Z" and jr,o\z^ is the natural inclusion. Then, for any abelian sheaf £ on 
Yr, the complex 



. -Ic Sfc(-l)'°Qfc, • -1 p 

Jr,t*Jr,t ^ ^ 3r,t+l *3r^t+l^ 



is the Cech resolution of £ defined by the covering il^. If is an abelian sheaf on 
y, , the fact that j,^ is an augmentation morphism in the category of m-truncated 
simplicial schemes implies that the complex £r*{jr,»*3rl^'^) is functorial with respect 
to [r] G A[m], and we obtain a resolution e. *(j.,.*iri'?*) of £* in the category of 
abelian sheaves on Y,. In particular, taking into account that each is locally an 
open immersion, we obtain for all n a resolution of the de Rham-Witt complex of 
Y, given by 



(2.11.1) 
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On the other hand, one can also define for aU r a complex on CTys{Yr/^n) by 
setting 

£r-*(ir,.crys*(Cz^,,/S„)) = 

>,Ocrys*(Cz^,o/S„) ^ ^ >,t crys * (Cz^,t/S„ ) ^ " " " ■ 

Since Z^,, ^ is the Cech simplicial scheme defined by an affine open covering of 1^, 
this complex is a resolution of Oy^/s„ [Be74, III, Prop. 3.1.2 and V, Prop. 3.1.2]. 
Since Z, , is a bisimplicial scheme, these resolutions are functorial with respect 
to [r] and yield a resolution £.*(j.,.crys*(Cz.,,/s„)) of Cy./s„- Let T'._.;„ be the 
reduction mod p'^ of T.,.. The linearization functor L [Ka89, (6.9)] is functorial with 
respect to embeddings, hence it provides a complex L{Q.!^^ . ,i/s„) Crys(Z,^,/Sn). 
This complex is a resolution of Oz, ,/Sn thanks to the log Poincare lemma which 
follows from [Ka89, Prop. (6.5)]. For each {r,t) and each i, one checks easily that 
the term jr,t crys ^ ^-^ )) is acyclic with respect to (use [Be74, V, 

(2.2.3)] and the equality My,/s„* o>,tcrys* = jr,t* o tfz,,t/s„*)- Hence, the complex 
2^.*(j.,.crys*(-^(^^T. ,.„/s„))) *-acyclic rcsolutiou of Oy,/e„- Moreover, 

the closed immersion of bisimplicial schemes i,^, defines a family of PD-cnvelopes 

(— supported in Z, ,. They provide a dc Rham complex 'P^^^(T'.,»;n) 
^T. . /s ' which can be viewed as a complex of abelian sheaves on Z, ,, and it 
follows from [Be74, V, (2.2.3)] that 

Wy./S„*(j.,.crys*(^(^^T.,.;„/S„))) = * (^zf,. (^•,»;n) ® ^r.,.;„/S„)- 

As the jr,t's are affine morphisms (as a consequence of 1) in our general conventions), 
we finally get in D~^{Zt,Wn) an isomorphism 

(2.11.2) M^Xy./s„*(Oy./sJ ^ £.*(i.,.*(4°f,.(T.,.;n) ® ^^T.,.;„/S „))• 

To prove Proposition 2.7, it suffices to define a quasi-isomorphism between the 
right hand sides of (2.11.1) and (2.11.2). Note that, for each r,t,i, the sheaves 
VF^O^^^ and 'P2ft(Z'r,t;n)®f^7^ J are j'r-^t ^-acyclic. Indeed, Z^^^ is a disjoint union 
of affine open subsets of Yj., and on the one hand Wn^z^^ has a finite filtration with 
subquotients which are coherent over suitable Probenius pullbacks of Zr^t [HK94, 
Th. (4.4)], on the other hand Vzf^{Tr,t;n) ^ ^ /s ^ quasi-coherent Ot^^..^- 
modulc with support in Zj-^t, hence is a direct limit of submodulcs which have a 
finite filtration with subquotients which are coherent over Zr^t- Therefore, it suffices 
to construct a quasi-isomorphism 

(2.11.3) ^iT..(I.,.;n) ^^T.,.;„/E„ ^n%,. 

in the category of complexes of W„-modules over Z, ,. 

We can now argue as in the proof of [HK94, Th. (4.19)]. Since the PD-immersion 
'U'r,t;n '■ ^r,t ^ Wn{Zr,t) is an exact closed immersion for all r, t, the morphism h,^,-n '■ 
Wn{Z.,,) r.,.;„ defines uniquely a PD-morphism ^^.(T.,.;^) ^ Wn{Oz,,,) in 

the category of sheaves of M^-modules on the bisimplicial scheme T,^,-n- As h,^,.^ 
is a morphism of bisimplicial log schemes, it defines by functor iality a morphism 
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of complexes , /Sn ~^ ^w„{z, ,)/T,n '^;»;n- This morphism extends as a 
morphism of complexes with support in Z, , 

where A/",', C ^y[^^(^z, .)/E„ denotes the graded ideal generated by the sections 
d(aW) - a^'-^Ua for all sections a of VWn-i{Oz,^,) and all i > 1. The differen- 
tial graded algebra W„f2^^ ^ is a quotient of il^ j-^, ,)/s [HK94, Prop. (4.7)], and 
the generators of A/"*, vanish in WrS^*z» • (because W^Ti^, , is p-torsion free), so we 
finally get the morphism (2.11.3). To check that it is a quasi-isomorphism, it suffice 
to do so on each Z^^i, and this follows from [HK94, Th. (4.19)]. We obtain in this 
way the isomorphism (2.7.1). 

To construct the isomorphism (2.7.2), it suffices to observe that the compatibility 
of the previous constructions when n varies implies that they make sense in the 
category of inverse systems indexed by n € N. Then one can apply the functor 
M^m^ to the isomorphism (2.7.1) viewed an an isomorphism in the derived category 
of inverse systems of sheaves of VF-modules on Y,, and this provides the isomorphism 
(2.7.2), since the local structure of the Wn^^ recalled above implies that they form 
a lim-acyclic inverse system. 

The isomorphisms (2.7.1) and (2.7.2) do not depend upon the choices made in 
their construction. If (^.,., T.,., j,,., i,,., /i.,,;n) and {Z',^,,T',^,,j',^,,i',^,,h', ,-n) are 
two sets of data provided by Lemma 2.10, one can construct a third set of data 
{^»,;X»,»j h'^,»;n) mapping to the two previous ones by setting 

^1'. = ^t,* Xy, Z', Tl', = T.,. Xs Tl ,, 

and defining j^',, i',', and h'^ ,-n by functoriality. Then the independence property of 
(2.7.1) and (2.7.2) follows from the functoriality of the canonical isomorphisms used 
in their construction with respect to the projections from (:^1'^,, T',',) to (:^.,.,T.,.) 
and {Z',„T',^,). Moreover, one can also prove the functoriality of (2.7.1) and (2.7.2) 
with respect to Y, by similar arguments using the graph construction: for a mor- 
phism ip, : Y_'^ Y_, between two m-truncatcd simplicial log schemes satisfying 
the assumptions of Lemma 2.7, one can find sets of data (^.,.,T.,., /i.,.;n) 
and (:^',_,,Ti ,, j'i i', /i', ,;n) satisfying the conditions of Lemma 2.10 relatively 
to y, and y',, and such that there exists morphisms of bisimplicial log schemes 
V'»,» '■ » ^ '■ X.'».» ^ X».» satisfying the obvious compatibilities. Then 

the functoriality of (2.7.1) and (2.7.2) with respect to ip, follows from the functo- 
riality of the canonical isomorphisms used in their construction with respect to p,, 
V'.,. and 6,^,. In particular, one obtains in this way that the isomorphisms (2.7.1) 
and (2.7.2) are compatible with the Probenius actions. □ 

2.12. Proof of Theorem 1.3, assuming Theorem 1.5. To conclude this section, we 
prove that Theorem 1.5 implies Theorem 1.3. We keep the notations of 1.1, and we 
first observe that if Theorem 1.3 holds when R is complete, then it holds in general. 

Indeed, let R be the completion of R, and X = X^. Then X is a regular scheme: 
on the one hand, its generic fibre is smooth over K = Frac(i?); on the other hand, 
its special fibre is isomorphic to X^, and the completions of the local rings of X and 
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X are isomorphic at any corresponding points of their special fibres. It foUows that 
X satisfies the assumptions of Theorem 1.3 relatively to R, and the theorem for X 
implies the theorem for X. 

Therefore, we assume in the rest of the proof that R is complete. We fix an integer 
m > q. Let K' be a finite extension of K, with ring of integers R' and residue field 
k', such that there exists an m-truncated simplicial log scheme Y, over R', with an 
augmentation morphism u : Yq ^ X^', such that properties a) - c) of Lemma 2.2 
are satisfied. Let 1^^ = Wn{k'), W = W{k'), = Prac(VF')> and let S' be the 
log schemes defined by W'^, W as in 2.1. 

Thanks to property a) of Lemma 2.2, the log schemes (l^r)fc' are smooth of Cartier 
type over S'^ . Therefore, we can consider the log crystalline cohomology of Y, k' 

Mre,ys(Z.fc'/s', Oy.„/e') := MCKr,-,y,(y.fc,/s', Oy.,,/s'), 

as defined in 2.6. Using the naive filtration on the functor Me™ (see 2.3), its basic 
properties follow from those of the log crystalline cohomology of the proper and 
smooth log schemes (l^-)fe'. In particular, since Yr is proper over S'^ for all r, the 
complex MLcrysll^.fc'/^') ^y, fc^/E') is a perfect complex of ly'-modulcs, and the 
cohomology space HcTys{Y,k' ,C>y,^,/t,') -^o is a finite dimensional ivTQ-vector 
space. By functoriality, it is endowed with the semi-linear Probenius action defined 
by the absolute Frobenius endomorphism of Y, k' ■ 
From (2.6.2) and (2.7.2), we deduce an isomorphism 

which is compatible with the Frobenius actions thanks to Proposition 2.7. The fil- 
tration of the complex VFfiy by the subcomplexes a^iW^ly y provides a spectral 
sequence 

which is endowed with a Frobenius action. Using the naive filtration on Me™, we 
deduce from the case of a single log scheme that each term E]^-' is a finite dimensional 
i^o-vector space on which the Probenius action is bijective with slopes in + 1[. 
Therefore the spectral sequence degenerates at Ei, and, taking (2.1.1) into account, 
we get in particular an isomorphism 

(2.12.1) (i?,V(y.feVS',Oy.^,/sO ® i^o)<' ^ Hi{Y.k',WOY„„Q). 

Since Y, satisfies property a) of 2.2, the construction of the monodromy operator 
N on log crystaUine cohomology can be extended to the case of Y^^r [Ts98, (6.3)]. 
Moreover, the Hyodo-Kato isomorphism p can also be extended to the case of Y»k' 
[Ts98, (6.3.2)], providing an isomorphism 

(2.12.2) p : i^eVs(Z.fc'/S', Oy.„/S') ® K' ^ H^Y, k' ,^1^, ^,)- 

Thus, -ffcrys(ir»fc'/^'' ^y,fe//S') ^ inherits a filtered ((^, A^)-module structure. 

It follows from [TsQSrTh. 7.1.1] (generalizing [Ts99, Th. 0.2]) that, endowed with 
this structure, Hcrys{Y,k'/'^', OY,f,,/T.')'^'Ko is an admissible filtered {ip, A'")-module, 
corresponding to the Galois representation H^^(Y^j^,Qp). Therefore it is weakly 
admissible. In particular, either if^rysd^.fc'/^'i ^y,^//s') ® -^o ~ 0' smallest 
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Newton slope is greater or equal to its smallest Hodge slope. Since H'^{Xk, Ox^) = 
0, Corollary 2.5 implies that the smallest Hodge slope is at least 1. Therefore the 
part of Newton slope < 1 vanishes. By (2.12.1), we obtain 

(2.12.3) Hi{Y,k',WOY„„Q) = 0- 

As y, — >■ Xri satisfies property 2.2 c), there exists a sub-X-extension Ki C K', 
with ring of integers Ri and residue field ki, a semi-stable scheme Y over a 
projective i?-alteration f : Y X, and finitely many i?-embeddings ai : Ri ^ K' 
such that, if ui : Y ^ Xr^ denotes the i?-morphism defined by /, and if Y^. 
(resp. : Y^^ Xri) denotes the i?'-scheme (resp. i2'-morphism) deduced by base 
change via Ui from Y (resp. ui), then io = LJi the augmentation morphism 

u :Yq ^ Xjii is defined by u\y^. = u^i- This provides a commutative diagram 

(2.12.4) 



in which we identify schemes with their Zariski topos, Y^ := Spec A; Xspecil Y, and: 

(i) the morphism it, ^/ is such that, for any sheaf E on X^/, W^^/E is the family 
of sheaves {ur)'^,^E, with Uj. :Yr ^ Xjii defined by the augmentation morphism, 

(ii) the morphism sq is such that, for any sheaf F' on 

(iii) the morphism Yo-i,fc' — ^ ^fei is the projection corresponding to crj. 

By functoriality, we obtain a commutative diagram for the corresponding Witt 
cohomology spaces 
(2.12.5) 

H^iXk',WOx,„Q) H'i{Y,k',WOY„„q) 



HiiYk,WOY„Q) Hi{Yk„WOY,^,Q) 

In this diagram, the lower horizontal arrow is an isomorphism because Y^^ ^ Yj; 
is a nilpotent immersion [BBE07, Prop. 2.1 (i)]. The lower right arrow is injective 
on each summand, because each cjj turns k' into a finite separable extension of ki, 
hence it follows from [1179, 0, Prop. 1.5.8] that 

wik') 0wik,) r{u,woY,^) ^ t{u,„wOy^^„) 

for any affine open subset U C 1^.^ with inverse image 11^^ C Y^.^^r ; as one can 
compute Witt cohomology using Cech cohomology, this implies that 

W{k') ^w(k,) H'i{Yk„WOY,_J ^ m{Y„^,u',WOY^^J. 

Finally, / : y — > X is a projective alteration between two flat regular schemes 
of finite type over R, so Theorem 1.5 implies that is injective. Therefore, the 
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functoriality map Hi{Xk,WOxkM) ^ ®iH'^(Y^i,k',WOY^, ,^,,Q) is injective. But 
(2.12.3) implies that the composition of the upper path in the diagram is 0. It 
follows that Hi{Xk,WOxkM) = 0. □ 

3. An injectivity theorem for coherent cohomology 

We now begin our preliminary work in view of the proof of Theorem 1.5. 

One of the key ingredients in this proof is a theorem which bounds the order of 
elements in the kernel of the functoriality map induced on coherent cohomology by 
a proper surjective complete intersection morphism f : Y ^ X of virtual relative 
dimension 0. Such a result is a consequence of the existence of a "trace morphism" 
Tf : Mf^Oy — > Ox which satisfies the properties stated in the following theorem: 

Theorem 3.1. Let X be a noetherian scheme with a dualizing complex, and let f : 
Y ^ X be a proper complete intersection morphism of virtual relative dimension 0. 
There exists a morphism Tf : M/^Oy — > Ox which satisfies the following properties: 

(i) If g : Z ^ Y is a second proper complete intersection morphism of virtual 
relative dimension 0, then the composed morphism 

(3.1.1) M(/ o g),Oz = m^9*Oz M/,Oy ^ Ox 
is equal to Tfg. 

(ii) Let X' be another noetherian scheme with a dualizing complex, u : X' X 
a morphism such that X' and Y are Tor-independent over X , and f :Y' ^ X' the 
pull-hack of f by u. If f is projective, or if either f is flat, or u is residually stable 
[CoOO, p. 132], then the morphism 

(3.1.2) "^flOy, ^ Lu*R/*C»y Ox', 

defined by the base change isomorphism (A. 1.2), is equal to Tf/. 

(iii) /// is finite and flat, then, for any section b G f*Oy, 

(3.1.3) Tf{b) = trace/,Oy/o^(6). 

As explained in the introduction, we refer to B.7 for the definition of Tf, and to 
B.9 for the proof of the theorem. 

It may be worth recalling a few examples of complete intersection morphisms of 
virtual relative dimension (in short: ciO): 

1) If X and Y are two regular schemes with the same KruU dimension, any 
morphism f : Y ^ X which is locally of finite type is ciO. This is the situation 
where we will use Theorem 3.1 in this article. 

2) If X and Y are smooth over a third scheme S, with the same relative 
dimension, any 5-morphism y — >■ X is ciO. 

3) If X is a scheme, Z ■-^ X a regularly embedded closed subscheme, and 
f : Y ^ X the blowing up of X along Z, then / is ciO [SGA 6, VII, Proposition 
1.8]. 

The existence of Tf has a remarkable consequence for the functoriality maps in- 
duced on coherent cohomology. 
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Theorem 3.2. Let X be a noetherian scheme with a dualizing complex, and f : 
Y ^ X a proper complete intersection morphism of virtual relative dimension 0. 
Assume that there exists a scheme-theoretically dense open subset U C X such that 
f^^{U) U is finite locally free of constant rank r > 1. Then, for any complex 
£' G D^^{Ox) and any q > 0, the kernel of the functoriality map 

(3.2.1) Hi{X, £') H\Y, L/*r ) 

is annihilated by r. In particular, when r is invertible on X, the functoriality maps 
are injective. 

Proof. By 3.1 (iii), the composition Ox M/^Oy — > Ox is multiplication by r 
over U. Since U is scheme-theoratically dense in X, it is multiplication by r over X. 

The complete intersection hypothesis implies that / has finite Tor-dimension, 
hence 'L,f*£' belongs to D^^{Oy)- Moreover, we can apply the projection formula 
[SGA 6, III, 3.7] to obtain a commutative diagram 




in which the upper composed morphism is the adjunction morphism. Applying the 
functors — ) to the diagram, the theorem follows. □ 



4. KOSZUL RESOLUTIONS AND LOCAL DESCRIPTION OF THE TRACE MORPHISM Tf 

We recall here some well-known explicit constructions based on the Koszul com- 
plex which enter in the definition of the trace morphism Tf. Later on, this will allow 
us to define generalizations of r/ for sheaves of Witt vectors. As in the whole article, 
we follow Conrad's constructions and conventions [CoOO]. 

4.1. Let P be a scheme, and let t = (ii, . . . , td) be a regular sequence of sections of 
Op, defining an ideal X d Op. We denote by y C P the closed subscheme defined 
by I, and by i : F P the corresponding closed immersion. Classically, the Koszul 
complex K,{t) defined by the sequence (fi, . . . , td) is the chain complex concentrated 
in homological degrees [0,(i], such that £ := Ki{t) is a free Op-module of rank d 
with basis ei, . . . , e^, i^fc(t) = A ^- for all k, and such that the differential is given 
in degree k by 

k 

dk{ei^ A ... A CiJ = ^{-ly^Hi-Ci^ A ... A A ... A Ci^. 

3=1 

It is often more convenient to consider K,{t) as a cochain complex concentrated 
in cohomological degrees [— d, 0], by setting (iir,(t))^ = K_k(t) and leaving the 
differential unchanged [CoOO, p. 17]. 
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Since t is a regular sequence, K,(t) is a free resolution of Oy over Op. For any 
Op-module M, this resolution provides an isomorphism 

(4.1.1) £xtUOY,M) := H\Hom'oAK.{t),M)) ^ HomoA/\%M) 

~ inomopiA £,M) 

where ipt,M is the tautological isomorphism multiplied by ( — l)'^('^+i)/2 (see [CoOO, 
definition of (1.3.28) and (2.5.2)]). For any section m of ^A, we will denote by 



(4.1.2) 



m 

h, - ■ ■ ,td 



the section corresponding by (4.1.1) to the class of the homomorphism ut,m which 
sends ei A . . . A to {—l)'^m (the (—I)'' sign being needed to obtain relation (4.5.1) 
later). Note that this section is linear with respect to m, only depends on the class 
of m mod ZAi, and is functorial with respect to Ai. Its dependence on the regular 
sequence t is given by the following lemma. 

Lemma 4.2. Let t' = (t'^, . . . ,t'^) be another regular sequence of sections of Op, 
generating an ideal I' such that Z' C Z. Let C = {cij)i<i,j<d be « matrix with 
entries in Op such that t'^ = Yl'j=i'^i,j'^j ^- If ^ '■ £xtQ^{Op/Z,M.) 

£xtQ^{Op/Z',Ai) is the functoriality homomorphism, then 



(4.2.1) 



a( 



m 

ti,...,td 



) = 



det(C)m 



Proof. Let K,{t') be the Koszul resolution of Op/Z', and £' = Ki{t'), with basis 
e^. One defines a morphism of resolutions : K,{t') — > K,{t) by setting 



-15 ■ ■ ■ 



^li^'i) — J2j^i,j^ji ^'^d <^k = a'^^i for < A; < d. Then provides a commutative 
diagram 

'Homopi/\'^£,M) ^ £xt%^{Op/Z,M) 



(l)a=det{C) 
nomop{A'^£',M) 



£xt%^{Op/Z',M). 



The lemma follows. 



□ 



4.3. Under the assumptions of 4.1, the morphism di : £ ^ Z defines an isomorphism 
£jZ£ 7- Z/Z"^. Using the canonical isomorphisms, this provides 



(4.3.1) 



nomop{N^£,M) 
Znomop{A'^£,M) 



^ {K^£Y/z{K^£Y m/zm 

K\{£/Z£Y)®OyM/ZM 

Uy/p ®Oy i*M. 

Note that, due to the commutation between dual and exterior power, the composi- 
tion (4.3.1) maps the class of ■ut ^ to (-l)'^(i^ A . . . M^)®i*{m), where tk denotes 
the class of tk mod Z^. 
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Composing (4.1.1) and (4.3.1), one obtains the fundamental local isomorphism 
[Ha66, III, 7.2] as defined by Conrad [CoOO, (2.5.2)] in the local case: 

(4.3.2) riY/p ■.£xt'^^{OY,M) ujy/p ®Oy i* 

Applying Lemma 4.2 to the case of two regular sequences of generators of the ideal 
I, one sees that the isomorphism jyy/p does not depend on the sequence t, so that 
local constructions can be glued to define r/y/p for any regular immersion i -.Y ^ P, 
without assuming that X is defined globally by a regular sequence. One obtains in 
this way the fundamental local isomorphism in the general case [CoOO, (2.5.1)]. 

Let us now recall from [CoOO, 2.5] how the isomorphism (4.3.2) allows to define 
functorially for any M' G D{Op) the isomorphism [CoOO, (2.5.3)] 

(4.3.3) r/i : WHomopiOy.M*) Wy/p[-d] ^Op Li*(M*). 

Applying [CoOO, Lemma 2.1.1] and using the isomorphism of functors defined by 
?7y/P, one gets the isomorphism 

R'Homop{OY,M') {ojy/p ®Op U*{M'))[-d\. 
The isomorphism rji is then obtained by composition with the canonical isomorphism 

{ujy/p ®Op hi*{M*))[-d] ^ ujY/p[-d] ^Op U*{M') 

defined by the general convention [CoOO, p. 11]. Prom the discussion p. 53 of [CoOO], 
it follows that r/j satisfies the following properties: 

a) If M' = A4[0] for an Op-module A4, then the homomorphism induced by r]i 
between the cohomology sheaves in degree d is the isomorphism rjY/p- 

b) The isomorphism r]i commutes with translations in D{Op) (using the general 
convention [CoOO, (1.3.6)] for the right hand side of (4.3.3)). 

4.4. Let TT : P ^ X be a smooth morphism of relative dimension d^ i : Y ^ P a, 
regular immersion of codimension d, and f = n oi. Let 

Ci,n ■ ^'Y/x > ^Y/phd] ®Oy '^i*{^p/x[d]) 

be the canonical isomorphism (A. 2. 6), which induces in degree the tautological 
isomorphism C,[^ provided in (A. 2. 5) by the construction of ojy/x -^-2. Let 5f 
be the canonical section of ojy/x (defined by (A. 7.2)), and iff : Oy ^Yjx the 
morphism sending 1 to (5j. We define the morphism 

(4.4.1) 7/ : Oy ^ wp/xici] 

as being the composition 

Oy *- ^y/x ^ > f^y/pi-t^] ®Oy I-^*('*^p/x[<^]) ^ > M^omop(Oy,a;p/x[f(|) 

can 



a;p/x[c?]- 
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Proposition 4.5. Under the assumptions of 4-4> the isomorphism r/j ^oCI-k entering 
in the definition ofjf induces in degree an isomorphism 



which is such that 



Vi O Ci,7r : ^Y/x ^ £xtop {Oy,ojp/x), 



(4.5.1) r,r'oC'.^{df)-- 
Proof. Let us consider first the isomorphism 



dti A • • • A dtd 
h, - ■ ■ ,td 



where rfy/p is defined by (4.3.2). By definition, 



is mapped 



dti A • • • A dtd 
ti,...,td 

to Ut^dtiA...Adta by (4.1.1), and wc observed in 4.3 that Ut^dtiA...Adta is mapped to 
{-lf{t^ A ... A t7) i*{dti A ... A dtd) by (4.3.1). Since Ci,ni^f) = (^7 A ... A ^7) 
i*{dtd A ... A d^i) by construction, we get the relation 



(4.5.2) 



^y/V°Cl.(5/) = (-l)^ 



c/ti A • • • A 
h, - ■ ■ ,td 



Let rji^i^p^^ and rji^^^^^^d] the isomorphisms (4.3.3) relative to the complexes 
Wp/x [0] and LOp/x[d]- By 4.3 a), rji^i^p^^ induces in degree d the isomorphism riy/p- 
On the other hand, 4.3 b) shows that is identified with r]i^i^p^^[d] when 

using the canonical isomorphisms WHom{OY , u p j x[d\) — ^ WHom{OY , ^ p / x)[d\ 

L ^ L 

sjid ujY/p[—d]®\^i*{ujpix[d]) > {ujY/p[—d]®l^i*{u)pix))[d]- The first one involves 

no sign, and, as a;y/p[— d] is concentrated in degree d, the second one is given by 



multiplication by (— 1)° 
relation (4.5.1). 



(—1) on ijJY/p®i*{ojpix)- Thus relation (4.5.2) implies 

□ 



Proposition 4.6. Let X he a separated noetherian scheme with a dualizing complex, 
P = a projective space over X, ir : P ^ X the structural morphism, i -.Y ^ P 
a regular immersion of codimension d, and f = n o i. Then the trace morphism 
Tf : ]R/*C>y Ox of Theorem 3.1 is equal to the composition 



(4.6.1) 



M/*(Oy) RTT^ujp/xid]) ^ Ox, 



where Trp^ is the trace morphism for the projective space defined in [CoOO, (2.3.1)- 
(2.3.5)]. 
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Proof. By construction (see B.7), r/ is the composition Trj oM/^(A/) oM/^(<y9j) in 
the commutative diagram 

, s ]R/*{Af) , Trf 

^f*i^Y/x) ^ RMfiOx)) ^ Ox 



Rf4Rnomop(.OY,cop/x[d])) 



R/*(zV!(0x)) 



,(r(e,r)) 



K7r*(Tri) 



R7r*(7r'(0x)) 



K7r,(e„) 



f*{H^p/x[d])) 



T.(Tr,) 



in which the isomorphism A/ is defined by the commutativity of the left rectangle 
before applying M/^ (cf. B.l), and di, 6,^ q^tt are defined as follows: 



a) di is the canonical isomorphism of functors i := WHomopiOy,—) 
defined by [CoOO, (3.3.19)]; 

b) is the canonical isomorphism of functors tt" := ujp/x[d] <S>^ 7r*(— ) > n', 

defined by [CoOO, (3.3.21)]. 

c) Cj^TT is the transitivity isomorphism /' rir', defined by [CoOO, (3.3.14)]. 
Moreover, the upper right square commutes because of the transitivity of the trace 
morphism [CoOO, 3.4.3, (TRAl)], and the lower right square commutes by functori- 
ality of the trace morphism Tr^ with respect to e^r- 

In this diagram, the composition of the right vertical arrows is the projective 
trace morphism Trp^ [CoOO, 3.4.3, (TRA3)], and the isomorphism di on the bottom 
row identifies TVj with the trace morphism Trf, for finite morphisms [CoOO, 3.4.3, 
(TRA2)]. As the latter is the canonical morphism i*M'Homc)p(C'y , — ) — > Id defined 
by Op — » Oy, it follows that the composition of the left column and the bottom 
row of the diagram is equal to R7r*(7j), which proves the proposition. □ 

5. Preliminaries on the relative de Rham-Witt complex 

We extend here to the relative de Rham-Witt complex constructed by Langer and 
Zink [LZ04] structure theorems which are classical when the base is a perfect scheme 
of characteristic p ( [1179] , [IR83] ) . We begin by recalling some basic facts from their 
construction. 

From now on, wc fix a prime number p. We denote by Z(p-) the localization of Z 
at the prime ideal (p). Although many results of [LZ04] are valid for Z(-p) -schemes, 
we limit our exposition to the case of schemes on which p is locally nilpotent, which 
will suffice for our applications. 

5.1. Let 5 be a scheme on which p is locally nilpotent, and let / : X — )• 5 be a 
morphism of schemes. An F-V -pro- complex of X/S as defined in [LZ04] is a pro- 
complex {R : £'*}„>! of sheaves on X, where -B* is a differential graded 
Wn{Ox)/ f^^WniOsYa^gehva. (i.e., £'* is a graded W„(C'x)-algebra together with 



an / ^VF„(05)-linear map d 



E!^{1) such that d = 0, satisfying rjoj 
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(^—I'jdeguidegr]^^ and d{u)rj) = {dui)r] + (—l)'^^^'^uidr] for any homogeneous sections 
uj,ri E -E*), which is equipped with a map of graded pro-rings 

F '■ El+i El, 

called the Probenius morphism, and with a map of graded abelian groups 

v:e:^e:+i, 

called the Verschiebung morphism, such that the following properties hold: 

(i) The structure map W,{Ox) — > E^ is compatible with F and V. 

(ii) The following relations hold: 

(5.1.1) FV=p, FdV = d, 

(5.1.2) V{ojF{n)) = V{cv)rj, for all a; G K> e « > 1> 

(5.1.3) F{d[a]) = [a]P-^d[a], for all a G Ox, 

where [a] denotes the Teichmiiller lift of a to Wn{Ox), for any n. 

A morphism between two F-V-pro-complexes of X/S is a map of pro-differential 
graded W,{Ox)/ f~^W,{Os)-d\gehTas compatible with F and V. By [LZ04, Prop. 
1.6, Rem. 1.10] there exists an initial object in the category of F-V^-pro-complexes of 
X/S, which is called the relative de Rham-Witt complex of X/S and is denoted by 
{R : Wn+i^*x/s W^n^x/sJ'">i' Each sheaf VF^^x/s ^ quasi-coherent sheaf on 
the scheme Wn{X) := {\X\,Wn{Ox)) defined in 2.9, and the transition morphisms 
R are epimorphisms. When S is a perfect scheme of characteristic p, the relative de 
Rham-Witt complex coincides with the one defined in [1179]. Notice that we have 
the following properties: 

Wn^X/S = WniOx), Win'x/s = ^X/5> 

and that, by [LZ04, (1.16), (1.17) and (1.19)], relations (5.1.1) and (5.1.2) imply 
that 

(5.1.4) Viudr]) = V(uj)dV{r]), for aU w, r? G Wn^'x/s^ n>l, 

(5.1.5) Vd = pdV, dF = pFd. 

In addition, when S is an Fp-scheme, the operators F and V satisfy the relation 
VF = p. 

We also recall the behaviour of the de Rham-Witt complex with respect to etale 
pull-backs. Let 

X'^X 

9 

S'^^S 

be a commutative diagram in which h is etale and g unramificd. Then, for all 
g > and r >n>l, Wn{X') is etale over Wn{X) and we have the Wr{0 x')-^^'^Q&'^ 
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isomorphisms 

(5.1.6) Wr{Ox') ®h-^Wr{.Ox) h-^Wn^\^g M^n0^,/5„ 

(5.1.7) 

WriOx') ®h-^Wr{o^) h-\F:-^Wn^\/s) ^ Fr^^n^^^y^, , a ® uj ^ F'-'^(a)w, 

where, for any Wrt-module Af, F^^'^M denotes M viewed as a H^r-module via F'^~"' : 
Wr Wn [LZ04, Prop. 1.11, Prop. A.8 and Cor. A.ll]. 

Finally, the completed relative de Rham-Witt complex is defined by Wfl'^^^g := 
^m^^ Wn^*x/s''> canonical morphisms Wn^^g — >■ Wn^*x/s ^^^^^ epimorphisms. 

5.2. Let S = Spec A be affine. We want to recall the calculation of Vl^fi^r t/a '■= 

Ji[Xl,...,Xil\/Ji. 

r(A^, H^i7^^^^). Wc need some notations for this. 

A weight is a function k : [1, d] = {1, 2, . . . , c?} Z[i]>o. We write ki := k{i), for 
i € [l,d]. The support of k, suppA;, consists of those i G [l,d] with ki ^ 0. For any 
weight A; we choose once and for all a total ordering on the elements of the support 
of A;, 

(5.2.1) supp A; = {zi, . . . , v}j 

such that: 

(i) ordp A;j^ < ordp < ■ ■ ■ < ordp ki^ . 

(ii) The ordering on suppA: and on suppp^A; agree, for any a G Z. 

We say k is integral if ki £ Z, for all i £ [1, d]. We say k is primitive if it is integral 
and not all ki are divisible by p. We set 



(5.2.2) t{ki) := -ordp ki and t{k) :-- 



max { t{ki) I i € supp A; } if supp k / 
if A: = 0. 



If ^ 0, t{k) is the smallest integer such that p^^^^k is primitive, and we have 

t{k) = t{ki,)>t{ki,) >--->t{ki^). 

We denote by u{k) the smallest non-negative integer such that p^^^'^k is integral, 
i.e., u{k) = max {0, t(A;)}. Notice that k is integral iff u{k) = iff t{k) < 0, and k 
is primitive iff t{k) = 0. An interval of the support of k is by definition a subset 
/ C supp k of the form 

We denote by kj the weight which equals A; on J and is zero on [1 , \ /. If k is fixed 
and I is an interval of the support of A;, we write u{I) := u{ki) and t{I) := t{ki). 
An admissible partition V of length q of supp A; (or just of k) is a tuple of intervals 
of supp k, V = (Iq, Ii, . . . , Ig), such that: 

(i) supp A; = /o U /i U . . . U /g. 

(ii) The elements in Ij are smaller than the elements in ij+i (with respect to 
the ordering (5.2.1)) for all j = 0, . . . , g — 1. 

(iii) The intervals Ii, . . . ,Iq are non-empty (but Iq may be) . 
Notice that u{k) = u{Io) if /q ^ and u{k) = u{h) if Iq = 0. 
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For any n < oo, we write Xj := [xj] G . . . , Xd])- If k is an integral weight 

as above, we write X'' = xf^^ • • • X-^^ e Wn{A[xi, . . . ,Xd]). 
Let k be any weight and r] G W^(^). We define 

(5.2.3) e°(r?, k) := G WiA[xu . . . xj) 

and 

(5.2.4, ,H,.^:=|'''tS<«r e^OV 

' if is integral A[a:i,...,a:,jM 

Definition 5.3 (Basic Witt differentials [LZ04, 2.2]). Let be a weight, V = 
(Io,/i, ■ ■ ■ ,Iq) an admissible partition of k, and ^ = V'^'^''\rj) G VF(A). The basic 
Witt differential e(£,k,V) G VFfi'lr i/^ is defined as follows: 

V^' ' / A[xi,...,Xd\/A 



ei^,k,V) :-- 



'e^{r),ki,)eHl,ki,)---e\l,kiJ if /q 7^ 0, 
e^iv, ki,)e^{l, ki,)---e\l, kr) if /q = 0- 



Rules 5.4 ([LZ04, Prop. 2.5, Prop. 2.6]). Let fc be a weight, V = (loji, ■■■,Iq) & 
partition of k and ^ = V'^^''\rj) G VF(^). Note that u{k) > 1 when k is not integral, 
so that one can then define V'^^ := Then: 



(i) pe(e, k, V) = e{p^, k, V) for all p G W{A). 

\e{F^,pk, V) if /o 7^ or A; integral, 
\e{y~^^,pk,'P) if /q = and A; not integral 



(ii) Fe{i,k,V) = 

(iii) Ve{^,k,V) = 



(iv) de(e,A:,P) 



'e(ye, iA;,P) if /o ^ or ifc integral, 
e(pl/^, ^k,V) if Iq = and ^A; not integral. 

if lo = 0, 

e(^, k, {9,T)) if /q / and A; not integral, 

^p-*('=)e(^. A;, (0, V)) if /q / and integral. 



Theorem 5.5 ([LZ04, Thm. 2.8]). Every uj G ^^^^^[j.^ Xd]/A "^^^ uniquely be written 
as 

^ = ^e{^k,v,k,V), 

k,V 

where the sum is over all weights k with |suppA;| > q and over all admissible parti- 
tions of length q of k, and the sum converges in the sense that, for any m > 0, we 
have ^k,v £ V"^W{A) for all but finitely many ^k,v- 

For a weight k, n>l and rj G Wn-u{k){^) we define e° (r/. A;) G W„(^[xi, . . . , Xd]) 
and el^{r], k) G W„r2^j^^ Xd]/A ^'^^ same formulas as in (5.2.3) and (5.2.4). For V 

an admissible partition of length q of k and ^ = ^"('^^(r/) G Wn{A), we then define 
e„(^, kjV) G W^n^^^jj,^ Xd]/A same formula as in Definition 5.3 but with 

replaced by e^, i = 0, 1. 
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Corollary 5.6 ([LZ04, Prop. 2.17]). Every uj € ^n^^j^.^ xd\/A ^'^^ uniquely he 
written as a finite sum 

^ = Y1 ''ni^k,V, k, V), ik,V e ^"^'^W^n-«(ik)(^), 
k,V 

where the sum is over all weights k with |suppfc| > q and such thatp^~^k is integral 
and over all admissible partitions V of k of length q. 

We now assume that S is an Fp-scheme; the absolute Frobenius endomorphism 
of S will then be denoted Fs, or F when no confusion can arise. The following 
proposition is known if S is perfect (see [IR83, II, (1.2.2)]); a similar result has been 
proved by M. Olsson when, etale locally, S has a flat lifting over Zp to which Fg can 
be lifted [O107, Th. 4.2.15]. 

Proposition 5.7. Let S he a locally noetherian Fp-scheme and X a smooth S- 
scheme. Then the sequence 



x/s 



is an exact sequence of Wn+i{Os) -modules. 



Proof. The question is local, we thus assume S = Specyl, X = Spcci? and B is 
etale over Bi = A[xi, . . . ,Xd]. As WO.'^^g — > Wn+i^'x/s is an epimorphism, [LZ04, 
Prop. 2.19] provides the exactness of the second line, and we only have to show that 

{*b/a) : F:^A^Wn+inl-\ (^^^^-^^^"'^). F:nl-\®F:^n%^^ ^^^^ 

is exact. Notice that it is a complex, as for a G A and oo G Wn+iJl^"^^ we have 

dViaF^'u) - ViaF'^du)) = 0. 

Notice also that, if we let W2n+2{B) act through : W-jn+'iiB) Wn+i{B), the 

differentials of this complex are VF2n+2(-B)-linear, since dF"'~^^ = p'^+^F'^'^^d = in 
Wn+i. We claim 

(5.7.1) {*b/a) = Fr\*B,/A) ^W,„+2{B,) W2n+2{B). 

Indeed we have the following diagrams (where the tensor products with W2n+2{B) 
are taken over W2n+2{Bi)): 



F,"+l(F,"^ W„+iJ^^-;^) ® W2n+2{B) > F,"+1(F-J^^-;^) ® W2n+2{B), 
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both with vertical maps 

(a ® (8) 6 ^ a ® F"+^(6)w, r? ® 6 ^ ^^"+^(6)77, 

and 



P'^'-^'^'b/'a ® ^^^^ 



with vertical maps 

ir],Lo)0b^ {F^''+\b)r],F'^''+\b)Lu), co b ^ F''+\b)co . 

Using again the relation = p^+^F^+^d = in Wn+i, one checks immediately 

that all three diagrams commute. Now the claim (5.7.1) follows, since the vertical 
maps are isomorphisms by (5.1.7). As W2n+2(-Bi) — )■ W2n+2{B) is etale [LZ04, 
Prop. A. 8], we are thus reduced to the case B = Bi = A[xi, . . . ,Xd]- 

Now take a G n%^^ and /3 G with F"(a) = -dF"(/3). We have to show 

that there exists an element 7 G F]^A (g) Wn+i^i^^^ with 



(5.7.2) 



-(l0F"d)(7) = a and (1 ® F")(7) = /3. 



By Corollary 5.6 (and keeping the notation used there), we can write a and /3 
uniquely as finite sums 

(5.7.3) a = '^ei{^k,v,k,T'), /? = ^ ei(%,Q, A;, Q), with. ^k,v,Vk,Q ^ A 

k,v k,Q 

where the sums are over all integral weights k and all admissible partitions V = 
(/q, . . . , Iq) of length q (resp. over all admissible partitions Q = (Jq, . . . , Jq-i) of 
length q — 1). Using the rules 5.4 (iii) and (iv), we obtain 

n-l 

(5.7.4) F«(a) = ^ ^ e„+i(p«-V"(6,p),|r,P) 



^ — -k^ primitive 
pi 

and Iq = 



^ integral 
or /qT^B 
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and 



(5.7.5) -dV'-{P)= J2 -/^^e„+i(y"(%,Q),^,(0,Q)) 



^ integral 
and JqT^B 



+ Yl -en+i(^"(r/.,Q),^,(0,Q)), 



not integral 
and Jq^0 

where t{k/p'^) is defined as in (5.2.2). By the uniqueness of this presentation, and 
since : A Wn+i{A) is injective, the equahty V"'{a) = —dV"'{P) thus gives the 
following set of equations: 



(5.7.6) 



6,P = -P *^-"^%,Q, if — is integral, V = (0, Q) and Jo 7^ 0, 



P 



k 



Vk,Q = -P" '^k,P, if ^ is primitive, P = (0, Q), Jq 7^ and < i < - 1, 
^k,v = 0, if /o 7^0. 

We claim that (5.7.2) holds for the following choice of 7 G -f'"^(8>vK„_,_i(A) 



7 



Ti-l 

E 

i=0 



E {-^W) ® e„+i(y--^(i), Q)) 



primitive 
\ and Jq^^ 



+ 



E (%,Q®e„+i(F'^-Xl),|r,Q)) 



primitive 

pi 

and Jq— ® 



+ E ^ifcQ'^en+i(l,|r,Q)- 



integral, Q 



Indeed the rules 5.4 (ii) and (iv) yield the following formulas for k an integral 
weight, ^ G V""^i^%^^^_^(_fe_)(^) and Q = (Jq, . . . , Jq-i) a partition of length g - 1 
of supp k : 



ei(F«(0,fe,Q) 



if Jo 7^ or integral. 



ei(FV-("-*)(^), k, Q) if Jo = and ^ is primitive, 

for < i < n — 1 
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and 



if Jo = 0, 





p-'^w)ei{F^{i),k, (0, Q)) if Jo and ^ integral, 
ei{F^V-^'^-'\i), k, (0, Q)) if Jo and ^ is primitive, 



for < i < n — 1. 
Using this, the rule 5.4 (i) and the relations (5.7.6) we obtain 



n-l 



(-l®F"d)(7) = 



E E ei(Cfc,(0,Q),A;,(0,Q)) 

2=0 i primitive 
and Jo5^® 

+ E ei(-p-*(^)r/ik,e,/c,(0,Q)) 



^ integral 
and Jqt^S 



a 



and 



n-l 



(1®^")(7) = E 



i=0 



E '4,(0,Q),^,Q) + E ei(r7fe,Q,A;,Q) 



primitive 
\ and Jq 



)/0 



— - primitive 
pi 

and Jq = 



+ E ei(r/A;Q,fc, Q) 

^ integral, Q 

= fi- 

This proves the proposition. 



□ 



5.8. We now recall some facts from [1179, 0, 2] about the Cartier operator and its 
iterates. 

Let S be an Fp-scheme, X — )■ S a smooth morphism, and set X^*'") := S Xs,Fg X. 
We have the usual diagram, which defines the iterates F^^^ of the relative Probenius 
morphism (we write Fx/s = ^x/s^ W = W^): 




X/S 1,1," ' 

X — - x(p") X 



s 



Notice that 



^x/s - /s° ^x/s- 

For an S-morphism / : X' — t- X we denote by /(p") the base-change morphism 
/(^'") =Ids X /:X'(P") ^X(P"). 



34 PIERRE BERTHELOT, HELENE ESNAULT, AND KAY RULLING 

The inverse Cartier operator is a homomorphism of graded Ojj^(p) -algebras 

^x)s '■ ^'x(p)/s ~^ ^*i^*x/s)' 

which is uniquely determined by 

(5.8.1) C-}s\o^ij,) = ^x/s and C-^jg{W*dx) = x^-^dx, for all x G Ox- 

The inverse Cartier operator is an isomorphism (since X/S is smooth). For n > 0, 
one defines abelian subsheaves of ^''x/s 

(5.8.2) B^i^^x^ g ^ ^'^^^x/s ^ ^^x/s 



via 

BiCl'^x/s = ^^x/s ^ ^^x/S' ^i^x/s ^ ^^x/s ^ Ker((i : r2|,^g 
and, for n > 1, 

(5.8.3) C~jg : ^ Bn+i^x/s/^^^x/S' 

(5.8.4) C^^^g, : Z„ri^(j,)^^ ^ 
We obtain a chain of inclusions 

(5.8.5) C Bi^l^^g C . . . C Bn^'^x/s ^ C • • • 

Proposition 5.9 ([1179, 0, (2.2.7), Prop. 2.2.8]). Lei S he an Yp-scheme and X a 
smooth S-scheme. Then, for all q >0 and n > 1, the sheaves Z^^'^x/s ^^^x/s 
satisfy the following properties. 

(i) Zn^'^x/s '^^'^ '^^^ locally free Ox(p") -modules of finite type, and, for 
any h : S' S , we have 

"■X ^n^''xlS ^n^''x' I S' '' X " X/S ^n^^'x' / S' i 

where hx : X' := S' xs X ^ X is the base-change map. 

(ii) If f : X' X is an etale S-morphism, then there are natural isomorphisms 

J ^n^^x/S ^n^^x'/S^ •' ^ X/S ^n^^x'/S' 

(iii) Bn^'^x/s sub-Os-module ofil'^x/s locally generated by sections of the 
form a^ • • • aq dai ■ ■ ■ doq, with ai G Ox and < r < n — 1. 

(iv) Zn^'i^ig is the sub-Os-module of J^^^^. locally generated by Bn^'^x/s ^^'^ 
sections of the form ba^ ■ • ■ ctq day ■ ■ ■ doq, with Oj € Ox and b G Ox(p") ■ 

Proposition 5.10 (cf. [1179, I, Prop. 3.3]). For X/S smooth as above, there is a 
unique map of Wn{Os) -modules 
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which makes the following diagram commutative 

F^WniOs) ®W^^,{Os) Wn+l^\/s ^n^'x/S 
F.Wr.{Os) ®Wr.iOs) Wn^\,S .^-^^f ^ ■ 

Forn = l we have Fs*Os^Os^x/s = ^x(p)/s' ^» ^ " '"^ • ^x(p)/s — ^ 
is the inverse Cartier operator. 

Proof. Since 1 (8) i? is surjective, it is enough to see that the kernel of 1 i? is 
mapped to dV^^^Q'^j^^^ under 10 F. But an element in the kernel of 1 (g) i? is a sum 
of elements of the form a (2> V^cj and a (8> dV"'r), with a G Wn{Os), oj G ^x^g and 
77 G ^"^x/s- We have in Wn^x/s 
(1 8> F)(a = aV''-'^{poj) = 0, (1 ® F)(a ® dF"??) = dy"-^(F"-i(a)r/). 

This gives the existence and the uniqueness of C^^. The second statement follows 
from the fact that 1 (2> F is compatible with products, and from the formula 1 (g) 
F{a (g) d[x]) = axP-^dx, for a G O5, x G Ox- □ 

Corollary 5.11 (cf. [1179, I, Prop. 3.11]). Let X/S he as above. Then: 

(i) Im(l ® : F:Os ®W^^,iOs) Wn+l^\/s ^ ^'x/s) = Zn^'x/s- 

(ii) Im(l ® F^-^d : F^Os ®Wr.+,{Os) F^Wn^^x^s ^ ^x/s) = ^«^x/5- 
Proof. Wc do induction on n. For n = 1, (i) follows from Proposition 5.10 and the 
relation d = FdV, and (ii) holds by definition. Now assume the statements are 
proven for n. To prove (i) for n + 1, we consider the following commutative diagram 
of abelian sheaves on X: 

F^'Os ®W^^,iOs) Wn+2^'x/S ^*^S ®W,iOs) W2^\,S ^\/S 



Fr^Os ®W„^,iOs) Wn+l^'x,s ^ F*Os ®Os ^'x/S = ^x(.)/5 " 



By induction hypothesis we have 

Im((l0i2)o(l®F'*)) =Im((l®F")o(l®i?)) = Fg^Os^Os Zn^x/S = ^n^xip) /S' 
where the last equality follows from the compatibility with base-change. Now, thanks 
to the relation d = (i) follows from the definition of Z^+i^^x/S' '^^^ 

proof of (ii) is similar. □ 

Lemma 5.12. Let X/S be as above. The sheaf Bn^'^x/s Q'iven by 
Im(l (g F^'-^d ■ F^Os ®w^+^{Os) F^Wn^'^-^g ^ 

= {(1 (g F"d)(a) I a G F^Og ®w^^,{Os) ^n+i^^xls ^i^h (1 ® F^){a) = 0}. 
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Proof. We call the left hand side A, and the right hand side B. We know from the 
previous corollary that = A, and we want now to show that A = B. In 

the following, all non-specified tensor products are over Wn+i{Os)- We have the 
commutative diagram 



i(g>y 




Since we also have (1 F") o (1 (g) F) = it follows that Ac B. It remains to show 



x/s 



(5.12.1) Ker (l ® : F^Os ® iy„+iO^/^ ^ F," 

Indeed, if we take an element a in the kernel on the left hand side and we write it as 
an element in the right hand side a = (1 (g)l/)(/3) + (1 (g)dy)(7), then (l(g)F"'(i)(Q;) = 
(1 (g) F"'~^d){P), i.e., B C A. The question is local in X, we may thus assume X is 
etale over A^. For a Wri(C'x)-module M. we write FIM^F^ for ^A viewed as a left 
W„+r(C's)-module via F"' and as a right W„+5(Ox)-module via F^ . Then we have 
the following commutative diagram, in which the most right tensor product in the 
upper line is over W2n+2{0 ^a): 



5can)i8)l 



If we write V instead of dV and g — 1 on the left hand side instead of g — 2, 
we obtain again a commutative diagram. Since X/Ag is etale, the vertical maps 
are isomorphisms (in both diagrams). Thus if we denote the image in (5.12.1) by 
Im(X/S') we obtain 

Im{X/S) - Im(A^/5),F"+i ^h/,„+,(0,,) W2n+2(Ox). 
Similarly, denoting the kernel in (5.12.1) by Ker(X/S') one finds 

Ker(X/5) - Ker(A^/5)*F"+i ^w,r.+2iO,,) ^2n+2(Ox). 

And, since W2n+2{Ox) is etale over W2n+2{Op^d) [LZ04, Prop. A. 8], it is thus enough 
to prove (5.12.1) in the case S = Spec A, with A an Fp-algebra, and X = SpecB, 
with B = A[xi, . . . , Xd]- 
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Now, using the notation of Corollary 5.6, any element a G F"yl(g) Wn+i^'^^^\ can 
be written as a finite sum 

(5.12.2) a = ^ ^ a,^e„+i(y"(^')(%,p,i),fe,P), e 

i p'^k integral 
•p=(/O....Jq-l) 

By the rule 5.4, (ii) we have 

F^en+i{V<^\ri),k,V) = ^) if = or (/q / 0, integral), 

' ' 1 if /q 7^ and k not integral. 

It follows that an element a as in (5.12.2) lies in Ker(l ® F") = Ker(5/A) iff it 

satisfies 

(5.12.3) aiF''-''^''\r]k,r,i) = 0, for /q = or (/q 7^ 0, /c integral). 

i 

We consider the following three cases: 

1) k is integral, i.e., u{k) = 0. Then, by Definition 5.3, en+i{rj, k,V) = 
rjen+i(,l,k,V). By (5.12.3), we get 

Y^ai en+iir]i,k,'P,k,'P) = aiF'^^AT^) j (S> en+i{l,k,V) =0. 

2) k is not integral and Iq = 0. In this case e„+i(r7, k, V) G lm.{dV) by Defini- 
tion 5.3. Thus 

^ (8) en+i{m,k,v, k, V) e Im(l (g) dV). 

i 

3) is not integral and Iq 7^ 0. Now en+i{ri, k,V) G Im(y) by Definition 5.3. 
Hence 

'Y(^i^(^n+i{Vi,k,r,k,V) Glm(l(8)F). 

i 

Putting the three cases together, we see that a G Ker(l (81 -F") implies a G Im(l (8) 
V + dV) = lm{B/A). This gives the statement. □ 

Theorem 5.13 (cf. [1179, I, Cor. 3.9], [O107, Th. 4.2.15]). Let S be an Fp-scheme 
and let X be a smooth S-scheme. For n,q >0, denote by gr"VFQ^^^ the n-th graded 
piece of the canonical filtration 

Then we have an exact sequence of Ox -modules 

(5.13.1) Fxt'-B^ ^ ^ nt'y^ 0, 

where the map Un is given by ^"'(q:) + dF"(/3) i->- /5 and the Ox -module structure 
on gr^iy^Ti^y^ is given 



via 



WnOx F Wn+lOx 
VWn-lOx ^ pWnOx ' 
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Furthermore „ and Fy,Q^ — o-f^ locally free O^ip'^) -modules. 

Proof. The exactness of the sequence follows from Proposition 5.7, Corollary 5.11 
and Lemma 5.12. The second statement is proven as in [1179, I, Cor. 3.9]. By etale 

base change (Proposition 5.9, (ii)), we reduce the question of the local freeness of 
the two extreme (^^(p") -modules in the exact sequence to the case X = A^. Since 
everything is compatible with arbitrary base change in the base S (by Proposition 
5.9, (i)), we may also assume S = SpecFp, and even S = Specfc with k algebraically 
closed. But now the sheaves in question arc coherent on (A^)^^") = A^, hence locally 
free in some non-empty open subset, whose translates under certain closed points 
cover the whole of (A^)(p"). As they are invariant under translation, this gives the 
statement. □ 



6. The Hodge- Witt trace morphism for projective spaces 

Let X be a noetherian Fp-scheme with a dualizing complex, and let f : Y ^ X 
be a projective complete intersection morphism of virtual relative dimension 0. Our 
goal in the next two sections is to prove that, given a factorization / = vr o i, where 
TT : P = X is the structural morphism of some projective space over X, and 

z : y ^ P is a closed immersion, one can define for all n > 1 a morphism 

mWnOy WnOx 

SO as to satisfy the following properties: 

(i) For n = 1, Ti^-n-^n is the morphism Tf of Theorem 3.1; 

(ii) For variable n, Tj^Tr^n commutes with R, F and V. 

Our construction of ri,7r,n will be based on a generalization for arbitrary n of 
the description of rj given in Proposition 4.6: we will construct on the one hand 
a trace morphism M7r*W„$7py^[(i] — > WnOx, which will be a generalization of the 
trace morphism Trp^ for the projective space, and on the other hand a morphism 
i^WnOy Wn^p^xi^ which will be a generalization of the morphism jf : Oy — >■ 
ojpix{d\ defined in (4.4.1). 

We begin with the trace morphism for projective spaces. 

6.1. We recall first from [1190, Def. 1.1] that a smooth proper Fp-morphism / : X — >■ 
S is called ordinary., if it satisfies 

R'f^B^\fg = 0, for all i,q>0. 

This notion is compatible with arbitrary base-change in the base S, and is 
ordinary over SpecFp [1190, Prop. 1.2, Prop. 1.4]. Hence if is a locally free Ox- 
module of finite rank on some Fp-scheme X, then ¥{6) = Proj (Sym^^f ) is ordinary 
over X. 

Lemma 6.2. Let f : X ^ S be ordinary. Then, for all n >1 and q >0, 

: F^+'Rf.n'^^.g ^ Rf.gv'Wn'^x/s 
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is an isomorphism in the derived category of quasi- coherent Os-modules {where the 
Os-module structure on the right hand side comes from the Ox -module structure 
defined in Theorem 5.13). 

Proof. This follows immediately from Theorem 5.13 and the following claim: 

(6.2.1) R'f^Zn^\^s ^ R'f^^\jg, R'f^Bn^\js = 0, for ah z, g > 0, n > 1. 

We prove this by induction on n. The statement for Bi holds by definition of 
ordinarity and for Zi follows from the exact sequence 

Now for the general case consider the following commutative diagram (in which /* 
is viewed as a functor on the category of abelian sheaves for the Zariski topology on 

\X\ = \x(p)\) 



The horizontal maps are isomorphisms as is the vertical map on the left by induction 

(notice that X^^^ / S is also ordinary). Hence all maps in the diagram are isomor- 
phisms, which yields the claim for Zn+i- To prove the statement for Bn+i it is 
enough to consider the upper line in the diagram, with Z replaced by B, and one 
immediately obtains the statement. □ 

6.3. Let 5 be a scheme on which p is locally nilpotent, and X an 5-scheme. As in 
the classical case [1179, I, 3.23], we define for any n > 1 the log derivation dlog„ to 
be the morphism of abelian sheaves 

d\og^:O^^Wn^]c,S, a^dlog„(a):=^. 

We may write simply dlog if n is fixed. 

For variable n, the maps dlog„ satisfy the following relations: 

(6.3.1) i?(dlog„(a)) = dlog„_i(a), F(dlog„(a)) = dIog„_i(a). 

The maps dlog^j allow to define Chern classes for line bundles, and to prove for 
relative Hodge- Witt cohomology the analog of the classical theorem on the coho- 
mology of projective bundles (cf. [SGA 7 H, XI, Thm. 1.1]). 

Theorem 6.4. Let X he an Fp-scheme, £ a locally free Ox-fnodule of rank d + 

1, P = and let it : P ^ X be the canonical projection. Denote by rjn £ 

H^{X, R^7T^:Wn^P^x) image under dlog^ of the class ofOp{l) in R^tt^O^, and 
by rjn G H^{X,R'^TT^Wr0^pix) q-fold cup product. Then, for all n > 1 and all q 
such that < q < d, we have 

(6.4.1) = forj^q, 
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and multiplication with rjn induces an isomorphism in the derived category ofWn{Ox)- 
modules 

(6.4.2) Wn{Ox)[-q]^^T^*Wn^''p/x- 

Furthermore these isomorphisms are compatible with restriction, Probenius and Ver- 
schiebung on both sides. 

Proof. To prove (6.4.1), we can argue by induction using the exact sequences 

For n = 1, the claim follows from [SGA 7 II, XI, Thm. 1.1], and, since V[£) is 
ordinary over X, Lemma 6.2 implies similarly the claim for all n. 
Therefore, we obtain a canonical isomorphism 

(6.4.3) Mtt* ^ W„J^^/^ i-q] , 

and we can define the morphism (6.4.2) as corresponding via (6.4.3) and translation 
to the morphism 

(6.4.4) WniOx) i?%*W„J]^/^, w ^ wrg. 

This reduces the proof of the theorem to proving that (6.4.4) is an isomorphism, 
compatible with R, F and V . 

Prom (6.3.1), we get for all w G Wn+i{Ox) the relations 

(6.4.5) R{Wn+r) = RMvl F{wvl+,) = n^Wn 
in R'i'K^Wj0^pix- Prom the second relation, we also get 

(6.4.6) V{wril_^) = V{wF{rjl)) = V{w)vl 

for all w G Wn-i{Ox)- So the homomorphisms (6.4.4) satisfy the required compat- 
ibilities. 

To prove that the homomorphisms (6.4.4) are isomorphisms, we may now again 
argue by induction on n, using the compatibility with R and V. Then Lemma 
6.2 reduces the proof to the case n = 1, which is known by [SGA 7 II, Exp. XI, 
Thm. 1.1]. □ 

Definition 6.5. Under the assumptions of Theorem 6.4, we define the Hodge- Witt 
trace morphism for the projective space ¥{£) to be the W„Ox-hnear map 

(6.5.1) TVp^,„ : RTT.Wnn^^syxld] ^ WnOx 

obtained by inverting the isomorphism (6.4.2), shifting by d and multiplying by 
(_l)'i{'i-i)/2 Theorem 6.4 implies that Trp^ ,j is compatible with restriction, Frobe- 
nius and Verschiebung. 

Proposition 6.6. With the hypotheses of Theorem 6.4, assume in addition that X 

is locally noetherian. Then the morphism 

(6.6.1) Trp^^i : Rn^Q'^^^yxld] Ox 

defined by (6.5.1) for n = 1 is equal to the morphism Trp^ defined by [CoOO, (2.3.5)] 
for Ox. 
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Proof. By (6.4.2), it suffices to prove the proposition locally on X. So we may 
assume that ¥{£) = P^. Let Xq,. . . ,Xd be the standard homogeneous coordinates 

on F^, Xi = Xi/Xo, Ui = D^{Xi), and let it = (C/j)j=o,...,(i be the corresponding 
covering of . Using Ccch cohomology relative to il, rji is defined by the 1-cocycle 
{dlog {Xj/Xi))i^j = {d{Xj/Xi)/{Xj/Xi))i<j, and r/f by the d-cocycle given by 

dlog (Xi/Xo) A ■ ■ ■ A dlog {Xa/Xd-i) = 

dxi/xi A {dx2/x2 - dxi/xi) A ... A {dxd/xd - dxd-i/xd-i) = 

dxi A • • • A dxd/xi ■ ■ ■ Xd 

on {/q n . . . n C/d- Thus Trp^ ^ is the only morphism which induces on degree coho- 
mology the isomorphism mapping the class dxi A • • • A dxd/xi • • • to (— . 

To prove the proposition, it suffices to check that, with Conrad's definitions, the 
map induced by Trp^ : R/*(/tt(C)x)) = M/*(a;p/x[rf]) ^ Ox on de gree cohomology 
is such that 

(6.6.2) TVp^(dxi A • • • A dxd/xi ■ ■ ■ Xd) = {-if^'^-'-y. 

As (-l)''(-l)'^('^-i)/2 = (_i)<i(<i+i)/2^ this follows from the definition of the isomor- 
phism [CoOO, (2.3.1)] 

(6.6.3) 7 : R'^T^^iup/x) ^ Ox, 

which sends dxi A ■ ■ ■ A dxd/xi ■ ■ ■ Xd to {-ifid+i)/'^ [CoOO, (2.3.3)], and from the 
discussion on pp. 35-36 of [CoOO], which explains that an additional (—1)^ sign is 
required to recover (6.6.3) from the map induced in degree by Trp^ (note that by 
"induced", we mean that we use here as we always do the standard identifications 
[CoOO, (1.3.1), (1.3.4)] to compute the cohomology objects of a translated complex). 

This ends the proof of the proposition, but, as formula (6.6.2) is only implicit in 
the discussion [CoOO, p. 35-36], it may be worth adding a few lines to give a proof 
explaining where this extra (— 1)°* sign comes from. Conrad's construction of the 
projective trace Trp^ is the same as Hartshorne's in [Ha66, III, 4.3], but using [CoOO, 
Lemma 2.1.1] instead of [Ha66, I, Proposition 7.4]. Because tt* has cohomological 
dimension d on the category of quasi-coherent Op-modulcs. and any quasi- coherent 
Op-module can be written as a quotient of modules for which the functors i?*7r* 
vanish for i ^ d [Ha66, III, Lemmas 4.1 and 4.2], Lemma 2.1.1 of [CoOO] provides 
an isomorphism of functors on D{Qcoh{Op)) 

i/j : Mtt* L(i?'^7r*)[-d]. 

For complexes of the form T* = T[0], where J" is a quasi-coherent Op-module, 

ipjr* induces in degree d the identity of R'^tt^{T) [CoOO, Cor. 2.1.2]. Moreover, the 
compatiblity of i/j with translations, given by [CoOO, (2.1.1)], implies that, for any 
m G Z, we have 

V'^-N = (-irv-[m]. 
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In particular, ip^ip/xld] induces in degree multiplication by (— 1)"^^ = (—1)'^ on 
R^n^iojpix)- Now, for Q* G L>+,(Ox), the trace morphism for Q' is the composition 

(see [Ha66, III, 4.3] for details). Taking Q* = 0x[O], and applying the previous 
remark to ■k'^Ox = ^p/x[d]-i we obtain that Trp^^^ induces (— 1)'^7 in degree 0, 
which gives (6.6.2). □ 

Remark. Because of the differences in sign conventions between Hartshorne [Ha66, 
III, Th 3.4] and Conrad [CoOO, 2.3], our trace morphism Trp^ „ differs by (-l)'^(<^-i)/2 
from the trace morphism defined by Ekedahl [Ek84, I, Lemma 3.2] when X = Spec A;, 
k being a perfect field. 



7. The Hodge- Witt fundamental class of a regularly embedded 

subscheme 

In this section, we assume that X is a locally noetherian scheme of characteristic 
p, and we consider a regular immersion i : y P of codimension d, where P is a 
smooth X-scheme. Under these assumptions, we want to associate to F a canonical 
class jY e T{P,'H^{Wn^j,/x))^ ^^^h n > 1. 

Proposition 7.1. Under the previous assumptions: 

(i) Ifti,..., td is a regular sequence of sections of Op, then, for all n>l and 

all r > 1, [tiY, . . . , [t^Y is a regular sequence of sections of Wn{Op). 

(ii) For all n > 1 and all q, 'HyiWrS^'pix) ~ *-* /^'" 3 d. 

Proof. We proceed by induction on n. In the exact sequence of W„+i(Op)-modules 

F^Op ^ Wn+l{Op) Wn{Op) 0, 

the action of \tiY on F^Op is given by multiplication by on Op. As P is a 
locally noetherian scheme, the sequence t^ , t^f is regular in Op, and the first 
claim follows easily. 

For n = 1, the second one is a well known consequence of the regularity of the 
sequence ti, . . . ,td. As Op is locally free of finite rank over Op(pn), we also have 
T-LyiO p(pri)) = for j 7^ d. In the exact sequence 

gr"W-„+in^/^ Wn+i^%,x Wn^%/x 0' 

Theorem 5.13 allows to endow the kernel ^'^Wn+i^^jx with an Op-module struc- 
ture for which it is an extension of two Op-modules which are locally free over 
Op{pi). Therefore, T^y (gr^VF^+ifip^^) = for j ^ d. The second claim follows by 
induction. □ 
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Theorem 7.2. Under the assumptions of this section, let t = {ti, . . . ,td) and t' = 
{t'l, . . . he two regular sequences of sections of Op generating the ideal T ofY in 
P. Let n > 1 be an integer, and let J = ([ti], . . . , [id]), J' = {[t'i\-, ■ ■ ■ , [t'^]) be the 
ideals of Wn{Op) generated by the Teichmuller representatives of these generators. 

If 

is the canonical homomorphism {and similarly for fiji), then, with the notations of 

4.1, 



(7.2.1) I3j{ 



d[ti]---d[td] 
[ti],...,[td] 



d[t[]---d[t',] 



)■ 



Proof. It suffices to prove (7.2.1) in a neighbourhood of each point y Localizing, 
one can reduce the proof of Theorem 7.2 to the case of a very simple change of 
generators in I, thanks to the following remarks (see also [SGA 4^, Cycle, Lemme 
2.2.3]). 

a) If the sequence (t'^,. . . , t'^) is deduced from {ti,... , t^) by permutation, then 
J = J' , and formula (4.2.1) implies the theorem. 

b) If there exists invertible sections ai, . . . , G Op such that t[ = Oiti for all 
i, then [i^] = [ai][ii] for all i. So J = J', we can apply Lemma 4.2, and we can 
choose the matrix C to be the diagonal matrix with entries [a^] . Then the theorem 
follows from formula (4.2.1), because an element such as (4.1.2) only depends upon 
the class of m mod (ti, . . . , td)M, and here we have the congruence 

d 

d[t'i] ■ ■ ■ d[t'd] = iUiai]) d[ti] ■ ■ ■ d[td] mod 

i=l 

c) Given y ^Y, there exists a permutation a G Ga such that, for any i, 1 < i < 
d, the sequence t*^*-* = (^^(i)' ■ ■ ■ ' ■ ■ ■ ,td) a regular sequence of generators 
of I around y. Indeed, a sequence of elements of 2^ is a regular sequence of generators 
if and only if it gives a basis of ly/myly, and this reduces the claim to an elementary 
result in linear algebra over a field. If we set t'^^) = (ti, . . . ,td), then t^°) = t, and 
tW is deduced from t' by permutation. So, using remark a), it suffices to prove the 
theorem for the couple of sequences t^*"^) and t^*^, for alH, 1 < i < d. 

This reduces the proof to the case where there exists an integer zq G {1, . . . ,d} 
such that 

d 

t'i = ti for i 7^ io, 4 = m ^iod'^r 

Using remark a), we may assume that io = 1. Moreover, the fact that t and t' induce 
bases of the vector space Xy/myXy implies that the coefficient ci^i is invertible around 

y- 

d) In this last case, we define inductively elements t^^'' for < j < d by setting 

tf)=ti, 4i)=ci,i4°\ tS^) = 4^-1) + ci,,t, forKj. 

If, for < J < d, wc define t^^) = {t^f\t2, . . . ,td), then t(°) = t, t^'^) = t', and it 
suffices to prove the theorem for each of the couples t^-'"^^ t^-'^ for 1 < j < d. The 
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theorem is true for t^''^ t^^^ thanks to remark b), and, applying again remark a), 
we can write all the remaining couples as changes of generators of the form 

(7.2.2) 4 =ti + ct2, for some c G Op, t'i = U for i > 2. 

Thus it suffices to prove the theorem for the change of generators of I given by 

(7.2.2) . Let h G VWn-i{Op) be defined by setting 

(7.2.3) [/i] + [c][t2] = [h + ct2] + h = [t[] + h 
in Wn{Op). Since [ty = [t2], this can be rewritten as 

(7.2.4) [ti] = [t[]-{c][t'2] + h. 
The binomial formula gives 



(7.2.5) [hf - ={[t[]-[c][t',]r- +Y1 



;h\[t[] - [c][t'2]r 



i=l 

Because the ideal VWn-i{Op) C W„(Op) is a PD-ideal, we can write = 
with /j-H £ VWn^i{Op) when i > 1. Therefore the numerical coefficient of /jW in the 
i-th term of the sum is divisible by for all i > 1. Since p"'~^ kills VWn-i{Op), 
equation (7.2.5) reduces to 

(7.2.6) ihr" = {[t'l]-[c][t'2]r''■ 

lf, for aU A: > 1, we denote by J^^^ the ideal {[ti]'' , . . . ,[td\^), this shows that 
j'ip" ) c. J'. So we can apply Lemma 4.2 to the sequences ([t'l], • • • , [i^) and 
([ii]^" , . . . , [td]^" ), which are regular by Lemma 7.1. Moreover, we can write 
equation (7.2.6) as 

[iir" = [i'ir"-'-[«'i]+ci,2-[4], 

so that we can use as matrix C in Lemma 4.2 an upper triangular matrix with 
diagonal entries . . ■ , [i^^"''-^ (since {uY'^ = {ty^'^ ■ [i^] for i > 2). 

In particular, det(C7) = ■ ■ ■ [t'JP""'-^ Thus, formula (4.2.1) provides the 

equality 



(7.2.7) 



a'( 



d[t[]---d[t',] 



) 



'IP" 



where a' is the canonical homomorphism 



£xt'^^^0,)iWn{Op)/j',Wnni/x) £xt'^^^a,)iWn{Op)/J^P""\Wnnj,/x)- 

On the other hand, we also have J'^p" ''^ C J. So we can also apply Lemma 4.2 



, . . . , [td\P ), using now for C 
If we denote by 



to the regular sequences ([ti], . . . , [td]) and {[ti] 
the diagonal matrix with entries [ti]P" . . , [td]^ 

« • ^x4„(0^)(T^n(Op)/J,H^nf^f./x) ^x4„(a^)(W^n(Op)/^(^""'), W„f^^/X 

the canonical homomorphism, formula (4.2.1) provides the second equality 



(7.2.8) 



d[ti] ■ ■ ■ d[td] 
[ti],...,[td] 



) 



^^'d[h] 
, [tar'' 



■d[td 
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As 13 J = Pj^pn-i) o a and Pj' = Pj^pu-i) o a' , relation (7.2.1) will follow if we prove 

the equality 

(7.2.9) 



[hr-\...,[tdr-' 



in £xt^^(^Qp^{Wn{Op) / J^" ^\Wn^p/x)- prove it, it suffices to prove in W„r2py^ 
the congruence 

(7.2.10) [t[r-'-'[t',r~'-' ■ ■ ■ [tT"-' d[t[] d[Q . . . d[Q 

= hr-'-'ihr"-' ■ ■ ■ [ur"-' d[h] dit^] ■ ■ ■ 

mod {[ti]P"'\[t2]P"~\ . . . ,[td]P'''')Wnnj,/x- As ti = t'i for i > 2, it suffices by 
multiplicativity to prove in Wn^^^x congruence 

[tT'-'it'^r"-' d[t[] ^ [hr-'-%r-'-' d[h] d[t2] 

mod {[ti]P"~\[t2]P"~')Wnnl^x^ and, thanks to (5.1.3), the latter will follow by 
applying if we prove the congruence 

(7.2.11) d[t[] = d[h] d[t2] mod ([ti], [t2])W2n-inl/x- 

So let us prove (7.2.11). We still denote by ^ G VW2n-20p the difference h = 

[h] + [c][t2] - [t'l] = [h] + [ct2] - [h + ct2] computed in W2n-iOp. Since t'2 = t2, it 
suffices to prove the congruence 

(7.2.12) dhd[t2] = mod{[h],[t2])W2n-inl/x- 
For all i, let 

Si{XQ, ... , Xi, Yo,..., Yi) G Z[Xo, . . . , Xi, Yo,..., Yi] 

be the universal polynomial defining the z-th component of the sum of two Witt 
vectors, and 

(7.2.13) Si{Xo,Yo) = Si{Xo, 0, . . . , 0, Fq, 0, . . . 0) G Z[Xo, Y^]. 

Note that, for i> 1, the polynomial Si(Xo,lo) is divisible by XqYq, since (0, ... ,0) 
is the zero element in a Witt vector ring. By definition, we have 

[h] + [ct2] = {h +ct2,Si{ti,ct2),...,S2n-2{tl,ct2)), 

and 

h = (0, Si(ti,ct2), ■ ■ ■ ,S2r^-2(^l,C^2))• 
Since Si(Xo,lo) is divisible by Yq, we can write Si{ti,ct2) = Zit2 for some section 
Zi G Op. We obtain 

h = {0,zit2, . . . ,2:271-2*2), 

which we can write as 

2n-2 



1=1 



46 PIERRE BERTHELOT, HELENE ESNAULT, AND KAY RULLING 

For each i, 1 < i < 2n — 2, we now obtain the relations 

dV\[zi][t2])d[t2] = dV\[Zi][t2]F\d[t2])) = dV\[Zi][t2fd[t2]) 
= dV\[Zi]r{[t2Mt2]) = di[t2]V\[Zi]d[t2])), 

d{[t2]V'{[Zi]d[t2])) = d[t2] V'{[Zi]d[t2]) mod [t2]W2n-inl/^, 

d[t2] V\[Zi]d[t2]) = V^F^dMiZijdM = V\[t2f-'d[t2][Zi]d[t2]) = 0, 

which imply (7.2.12). □ 

Definition 7.3. Under the assumptions of this section, we define the n-th Hodge- 
Witt fundamental class jY,n of F in P relatively to X as being the section of 



HyiWri^p^x) obtained by glueing the sections f3j{ 



d[ti] ■ ■ ■ d[td] 



defined locally 



by regular sequences of generators of the ideal X of F in P. 
Proposition 7.4. For n> 1, let 

R : HUWn+inj,/x) n^{Wnn%jx), 

V : nUWnni/x) 'H'^iWn+i^i/x) 

he the homomorphisms defined by functoriality. Then 

(7.4.1) Ri-fY^n+l) = 7Y,n, -F(7y,n+l) = Ty.n, V{^Y,n) = PlY,n+l- 

Proof. We may assume that there exists a regular sequence ti, . . . ,tii such that I = 
{ti, . . . ,t(i)- For each n > 1, let jTn be the ideal of WniOp) generated by the 
Teichmiiller representatives [ti] of the tiS, and let ^.([tjn) be the Koszul complex 
defined by the [tj]'s over Wn{Op). Since -R([ti]) = [ti], scalar extension through R 
yields an isomorphism 

WniOp) ®Wr.^,{Op) K,{[t]n+l) K.{[t]n). 

Using the fact that the [ijj's form a regular sequence both in Wn+i{Op) and in 
Wn{Op), it can be seen in the derived category of l¥„(C'p)-modules as an isomor- 
phism 

(7.4.2) Wn(Pp) ®Wr.^^{Op) Wn+l{Pp)/Jn+l ^ WniOp)/ Jn- 

By adjunction, (7.4.2) defines for any W„(Op)-module M. and any g > an isomor- 
phism 

(7.4.3) 8xtl,^^o^^{Wn{Op)/JnM) ^ £xtl,^^^^Q^^{Wn+l{Op)/Jn+lM), 
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and we obtain the diagram 
(7.4.4) 



R 



R 



R 




(7.4.3) 



in which the lower left hand square commutes by construction. On the other 
hand, (7.4.3) implies that injective Wn{0 p)-m.o(hAes are acyclic for the functor 
'Homw^+i{Op){Wn+i{Op)/ Jn+i,-)- Replacing Wn^p^x injective resolution 

over Wn{Op), it is then easy to check that the lower right square commutes. As 
the upper part of the diagram commutes by functoriality, and i?(d[ti] ■ ■ ■ d[td]) = 
d[ti] - ■ ■ d[tii], the first relation of (7.4.1) follows. 

Viewing now Wn{Op) as a l^„+i((!?p)-algebra via F, one proceeds similarly to 
prove the second one. Since -F([ti]) = [tf] = [U]^, and the sequence [ti]P, ... , [td]P is a 
regular sequence in W„(Op), we obtain for any W„(Op)-module M. and any q >0 
isomorphisms 



(7.4.5) WniOp) ll^„+,(0^) Wn+l{Op)/Jn+l ^ Wn{Op)/J^P\ 

(7.4.6) Sxtl^^^^^{Wn{Op)/J^\M) ^ £xtl^^^^^^^iWn+i{Op)/Jn+i,M). 
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They provide a commutative diagram similar to (7.4.4) : 
(7.4.7) 



^^^^„+i(Op)(^n+i(Op)/Jn+i, Wn+inj,^^) nUWn+inj,^x 



(7.4.6) 



"-'71 



Since F((i[ti] • • • d[td]) = [ti]P-'^ ■ ■ ■ [td]P-'^d[ti] ■ ■ ■ d[td], it follows that 



d[ti] ■ ■ ■ d[td] 
[ti],...,[td] 



•J 71 



[ti]p-^---[tdr-^d[ti]---d[td] 



[tiF,...,N^ 

On the other hand, if a denotes the canonical homomorphism 
we have by (4.2.1) 



d[ti] • • • d[td] 
[ti],...,[td] 



[tif-^ ■ ■ ■ [tdr-' d[h] ■ ■ ■ d[td] 



As /3 (p) oa = it follows that F{'jY,n+i) = 'jY,n- 

The last relation of (7.4.1) follows formally, because V{^Y,n) = y{F{lY,n+i)) = 

PlY,n+l- n 

Proposition 7.5. Let n > 1 be an integer, and let jY,n G n^{Wnnj,^x) the 
Hodge- Witt fundamental class ofY in P relatively to X, as defined in 7.3. 

(i) The linear homomorphism Wn{Op) 'HyiWri^p^x) sending 1 to ^y^n 
vanishes on W"„(X) := Ker(W"„(Op) -» z*W„(Oy)). 

(ii) Let 7i Trn be the composition 
(7.5.1) 

where the first morphism is defined thanks to the previous assertion. Then 7i,7r,n 
commutes with R, F and V. 

(iii) Forn = 1, we have 7i,7r,i = 7/, where 7/ is the morphism defined by (4.4.1). 
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Proof. To prove assertion (i), we may again assume that Z is generated by a regular 
sequence ti,...,td- Any section w of Wn{Z) can then be written as a sum 

ji-i 

^ = ^'(MN + • • • + MN), 

i=0 

with aij € I and G Wn-i{Op). By functoriality, we have V{a)ui = 

V{aF{u))) for any a e Wi{Op), oj G ^^(W^+iOf,/^), i > 1. Using (7.4.1), we 
obtain 

V'{[aij][tj]hY,n = V\[aij][tj]F\jY,n)) = V'{[aij][tj]jY,n-i). 

The symbol (4.1.2) is linear with respect to m, therefore we have 

Kj][tj]d[h]---d[td] 
[ti],...,[td] 



[ai,j][tjbY,n-i = 



= 



since the upper entry in the symbol belongs to {[h], . . . , [td])Wn-i^p^x- 

In the definition of 7j,7r,n5 the last two arrows commute with R, F and V by 

functoriality. Relations (7.4.1) imply that the first one also commutes with R, F 

and V, since R{1) = F{1) = 1, and ^(1) = p. 

Let us assume that n = 1, and check assertion (iii). By construction, 7i,7r,i is 

the composition of the morphism i^Oy '^yi^p/x) sending 1 to jy^i with the 

canonical morphism 

Comparing with the definition of jf in 4.4, and using the same notations, it suffices 
to show that the composed morphism 

Oy ^ uy/x °^'"> Sxt%^{Oy,Qi,x) ^ nU^i/x) 

sends 1 to jy^i. Since this is a morphism of sheaves (rather than complexes in the 
derived category), it is a local verification, which is provided by Proposition 4.5. □ 

Definition 7.6. Let X be a noetherian Fp-scheme with a dualizing complex, £ a 

locally free Ox-module of rank d+1, P = T{£), it : P ^ X the canonical projection, 
i -.Y ^ P a regular closed immersion of codimension d. For each integer n > 1, we 
define a trace morphism rj^7r,n by 

(7.6.1) Ti,^,n : RMWniOy)) J^^ll^l^ M7r*(W^„J^|,/;,[d]) WniOx), 

where 7i.7r,n is the morphism (7.5.1), and Trp^„ is the Hodge- Witt trace morphism 
defined in (6.5.1). 

Remark. As mentioned in the introduction, we expect that Ti^Tt,n depends only on /, 
and not on the factorization f = it o i. We also expect that the analog of Theorem 
3.1 holds for the trace morphisms Tj^n that would be thus defined. More generally, 
one can hope that these constructions are part of a theory of canonical classes for 
relative de Rham-Witt cohomology (see [E178], [Ek84], [Gs85] for such results over 
a field). In order to develop this program, generalizations and non-trivial properties 
of our constructions are needed (even for the independence statement), which would 
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lead to expand too much this article. As most of them are not needed for the proof 
of our main results, we do not include them here, and we hope to return to these 
questions elsewhere. However, we will give in the next section a partial generalization 
of Theorem 3.1, (iii), which is the key to the injectivity property of Theorem 1.5. 

Proposition 7.7. Under the assumptions of 7.6, the morphisms Ti^,r,n satisfy the 
following properties. 

(i) For variable n, Ti_7r,n commutes with R, F and V . 

(ii) For n = l, n^n,! = Tf. 

Proof. Taking into account Proposition 4.6, both assertions follow from the similar 
properties of 7.t,7r,n and Trp^ „ proved in 7.5 and 6.6. □ 

Definition 7.8. Under the assumptions of 7.6, we can use the previous constructions 
to define a morphism Tj^Tr : ^f*{W{OY)) — > W{Ox) which commutes with F and 
V, and is such that i?„ o n^.,^ = Ti^Tr,n ° Rn for all n, Rn denoting both restriction 
maps W{Ox) ^ W„(Ox) and w(6y) ^ WniOy). 

To construct Tj^tt) we first recall that, for any scheme X, the inverse system 
(VF„(Ox))n>o is ^m-acyclic, as the cohomology of each term vanishes on afiine open 
subsets, and the inverse system of sections on such a subset has surjective transition 
maps. So, if /,* denotes the obvious extension of the direct image functor to the 
category of inverse systems, it suffices to define a morphism 

(7.8.1) Ti,^,. : M/.*(W^.(C>y)) W,{Ox) 

in the derived category of inverse systems on X, and to apply the functor M^m 
and the canonical isomorphism Wf^, o ~ M^m oR/, ^. On the one hand, the 

relations R{'yY,n+i) = 'yY,n imply that, for variable n, the fundamental classes define 
a morphism of inverse systems z,*(VF,(C>y)) — ^ ?^y(W^,f2py^). As the canonical 

morphisms 

n^w.ni/x) ^ RrY{w,ni/x[d]) w.nj^/^id] 

make sense in the derived category of inverse systems, wc can define in this derived 
category a morphism 7i,7r,» • *(W^.(C'y)) — ^ ^'^p/xC^] which has the morphisms 
7i,7r,n defined in (7.5.1) as components. On the other hand, the homomorphisms 
dlog „ used to define Chern classes for invertible bundles form an inverse system of 
homomorphisms, hence, for variable n, the powers of the Chern classes of Op{l) 
define a morphism W,{Op)[—d\ — > M7r,^(Ty,rip^^), which is an isomorphism of 
the derived category of inverse systems. Composing its inverse with the projection 
by Mtt, * of 7i,7r,» provides Tj^Tr,*- It is clear that Tj^jr,* has the morphisms ri^^^„ as 
components, and commutes with F and V. Then the morphism 

(7.8.2) n,^ : Rf^WiOy)) > R]^M/.,(W^.(Oy)) > WiOx) 

has the required properties. 

Finally, as / is a morphism of nocthcrian schemes, /* and M/* commute with ten- 
sorisation with Q. So we can define a morphism again denoted T^^Tr : M/*(VFOy,Q) — > 
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WOx,q by 

(7.8.3) Ti,^ : ^f,{WOY,q) ^ RMWOy) Q WOx,q. 

This morphism also commutes with F and V. 

8. Proof of the injectivity theorem for Witt vector cohomology 

The main result of this section is Theorem 8.1 below, which gives an injectivity 
property for the functoriality morphisms induced on Witt vector cohomology by 
some complete intersection morphisms of virtual relative dimension 0. As explained 
in Remark 8.2, Theorem 1.5 is a particular case of this result. 

Theorem 8.1. Let f : Y ^ X be a projective morphism between two flat noether- 
ian Zf^py schemes with dualizing complexes, which is complete intersection of virtual 
relative dimension 0. We assume that there exists a scheme-theoretically dense open 
subscheme U C X such that f^^{U) U is finite locally free of constant rank r > 1. 
Let fn -Yn be the reduction of f mod . 

(i) For all q >0, the kernels of the functoriality homomorphisms 

(8.1.1) r : H-^iX, Ox) Hi{Y, Oy), 

(8.1.2) /: : H^iXn, Ox J H^Y^, OyJ, 

(8.1.3) /o* : F«(Xo, Wn{,Oxo)) H'^iYo, WniOy,)), 

(8.1.4) /o* : Hi{Xo,WiOxo)) H1(Yo,W{Oy,)), 

are annihilated by r. 

(ii) For all q >0, the functoriality homomorphism 

(8.1.5) /o* : H'^{Xo, WOx,,q) H^Yo, WOy.m) 
is injective. 

Remark 8.2. Theorem 8.1 implies Theorem 1.5. Indeed, let / : y — >■ X be as in 
1.5. The morphisms X^ ^ Xq and Yit ^ Yq nilpotent immersions, hence the 
canonical homomorphisms 

Hi{Xo, WOxo,q) Hi{X,, WOx„q)^ H1{Yo, WOyo,q) Hi{Yk, WOy„q) 

arc isomorphisms [BBE07, Prop. 2.1]. Therefore it suffices to check that / satisfies 
the hypotheses of Theorem 8.1. We may assume that X is connected, and replace Y 
by one of its connected components mapping surjectively to X, so that X and Y are 
integral schemes. At any closed point y &Y, with image x = /(y), we may choose 
a closed immersion Y '-^ P around y, with P smooth over X. If dim0x,a; = n, 
then Op^y is a regular local ring of dimension n + d for d = dim{P/X), and OY,y 
is a regular quotient of Op,y of dimension n. Therefore, the ideal I of y in P is 
regular of codimension d around y, and it follows that / is complete intersection of 
virtual relative dimension 0. Moreover, the function field extension K{X) "—^ K{Y) 
is finite, hence / is finite and locally free of constant rank > 1 above a non empty 
open subset U. As X is integral, U is scheme-theoretically dense and the hypotheses 
of Theorem 8.1 are satisfied. 
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In order to prove Theorem 8.1, we will choose a factorization / = vr o i, where 
i : Y '-^ P = is a closed immersion, and tt : P ^ X the structural morphism. 
Let io,T^o be the reductions mod p of i,7r. The key point will be to relate the trace 
morphisms rj(,^7ro,n constructed in 7.6 to the trace morphism r/ given by Theorem 
3.1, and this is made possible by the following constructions. 

Lemma 8.3. Let X be a scheme on which p is locally nilpotent, P a sm,ooth X- 
scheme, a C Ox o- quasi- coherent ideal, X' ^ X the closed subscheme defined by 
a, P' = X' Xx P- For each n > 1, let TV* C Wn^'pjx be the additive subgroup 
generated by sections of the form 

(8.3.1) F'^([a]a;), dy'^([a]a;), with a e a, u e Wn-r^'p/x, < r < n - 1. 

Then, for variable n, the canonical homomorphisms Wn^'pj-^ Wn^'p,^-^, induce 
a transitive family of isomorphisms 

(8.3.2) Wnn'p/x/Af: WrMp.lx'- 

Proof. Thanks to (5.1.2), one first notices that TV' is a differential graded ideal of 
Wn^^p/x- Using (5.1.5), one sees that, for all n > 1, V{M^) C TV'+p Using (5.1.1) 
(and a direct computation for r = 0), one sees that F{Af*_^_-^) C J\f*. Therefore, 
the projective system {Wn^'p^-^/Af*} is an _F- y-procomplcx over P/X. In degree 
0, it is easy to sec by induction on n that the ideal C Wn{Op) is the kernel of 
Wn{Op) Wn{Op/). It follows that {WnO.*p^-^/M*} is actually an F- V-procomplex 
over P'/X'. It is then clear that it satisfies the universal property which defines 
{Wn^*p,/X'}^ which implies that (8.3.2) is an isomorphism of F-V-procomplexes. □ 

Proposition 8.4 (see also [O107, Th. 4.2.3]). Let X be a Zf^yscheme and denote 

(i) For all n>\, there exists a unique homomorphism of sheaves of rings 

F^:Wn{Ox,)^Ox^_, 
making the following diagram commute 

W^n+l(Ox„_J-^Ox„_i 
Wn{Ox,) 

where the vertical map is the natural reduction map. Furthermore, if we assume X 
to be flat over "L^p^ and denote by i?„ : W(Pxq) — >■ WniOxo) the natural reduction 
map, then 

(8.4.1) Ker(F - Id : W{Ox,) ^ W{Ox^)) n f| Ker(F" o i^) = 0. 

n>l 

(ii) Let P be a smooth X -scheme and denote Pn = P Xx Xn. For all n > 1, 
there exists a unique homomorphism of sheaves of graded algebras 




RATIONAL POINTS OF REGULAR MODELS 



53 



making the following diagram commute 



Furthermore, for all a G Op^^ and all a G Op ^ lifting a, we have 

(8.4.2) F"(dlog ([a])) = c\{da/a). 

When Xq is a perfect scheme and X^-i = Wn{XQ), is the isomorphism 

(8.4.3) On : Wn^'p^/x^ 'H\^p^_,/x^J 
defined by Illusie- Raynaud [IR83, III, (1.5)]. 

Note that, in formula (8.4.2), the class of da /a does not depend upon the choice 

of the liftng a: if 6 = a + pw, then 

~ ~ w 
db/b = da/a + (i(log(l + p—)), 

where log(l +pw/a) is defined thanks to the canonical divided powers of p. 

Proof, (i) We may assume X is affine. The kernel of the vertical map in the diagram 
is locally generated (as an abelian group) by elements of the form T^"'([a]) and 
y^([p6]) for some a, 6 G Cp„_i and < r < n. As these elements are clearly mapped 
to under F"^, this gives the unique existence of F"^. 

To prove (8.4.1), let w G Ker(F - Id) n fjn Ker(F" o R„). If u; 7^ 0, we can write 



In " 

00 



w = ^ F*([oj]), with Oj G Oxo and 7^ 0. 

i>s 

Then Rs+i{w) = ^^(K]) G Ws+i{Oxo)- If G Ox, is any lifting of a^, and if [0^] 
is the Tcichmiiller representative of in W2{Oxs)y so that ^^^([as]) is a lifting of 
F*'([as]) in Ws+2iOxs)j we have by construction 

F^+\V%[as])) = F^+\V%[as]))=fF{[a,])=f~aP 

in Ox,. Thus F"+^ {Rs+i{w)) = if and only if p'd^ = in Ox,- Since Xs is flat 
over Z/p^'^^Ti, we obtain af G pOx,, in particular af = G Oxq- But by assumption 
we have 

F{w) = J2v\m = Y.^%a,]) = w. 

i>s i>s 

Hence = af = 0, a contradiction. 

(ii) First of ah, since dF" = p^'F^'d, the image of F" : Wn+i^p^_^/Xr,-i ^ 
Cl% /Y is clearly contained in ZQ,% . Thus the diagram makes sense. 

Pn- J P„_l/A„_l O 

Now, Lemma 8.3 and [LZ04, Prop. 2.19] imply that, in degree g, the kernel of the 
vertical map on the left hand side is locally generated (as an abelian group) by 
sections of the following form 

(8.4.4) y"(a), dy-(/3), VWp\u:\ dV\\p\ri), 
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with a G J7p /-^ , /? £ ^ /v ,0<r<n, Wn+i-r^^p /v aiid 



G Wn+i-r^^p ^- One immediately sees that, via F", the first two sections 

are mapped to in H'^{Qp _^). Since, for any m > 1 and any Teichmiiller 

representative [a]m in W"m(Cp„-i), we have F{[a]m) = Mm-i ^ W^m-i(Cp„-i), we 
obtain for the last two sections 

^"^([pja;) = p'^F"-^([p]a;) = ^^"""^+^^"-^(0;) = 0, 

F"dF^([p]r7) = F"-^d([p]r/) = F'*-''([p]dr/) = pf""'"-("-'')d(F"-''(r/)) = 

in 'H'^{Q*p Thus maps all elements in the kernel of the vertical map to 

in H^(r2p ^j-^ ^). Since the vertical map is surjective, this yields the statement. 
If a G C'p^_^ lifts a, we get by construction 

F-mi\o\) = cl(F"(d[a]/[a])) = cl([ar-id[a]/[ar ), 
which gives (8.4.2). 

Finally, let us assume that Xq is perfect and X^-x = Wn{Xo). By [IR83, III, 
(1.5)], 'H*{0,*p _^ has the structure of a differential graded algebra (dga) with 
the differential d : W{0,*p _^) — >■ W^^{i^*p __^/x _i) given by the boundary of 
the long exact cohomology sequence coming from the short exact sequence 

• p" • • 

^ ^ Pn-l/X„-l ^ P2n-l/X2n-l ^ Pn-l/X„-l ^ 

The isomorphism 6n is compatible with the differential and the product, and in- 
duces thus an isomorphism of dga's 6n '■ ^n^p^/Xo V-'i^'p ^j-^ ^). On the 
other hand, it follows from the relation dF'^ = p'^F^d that the morphism F"' is 
compatible with the differentials. Therefore _F" also induces a morphism of dga's 
: Wn^p^/xo ^ I" degree 0, On is defined by 

0„(ao,...,an_i) = ag + pd{ H l-p""^a^_i, 

where ao,...,a„_i are liftings to C'p„_i of ao,...,a„_i [IR83, p. 142, 1. 8]. This 
definition shows that, in degree 0, 9n is the factorization of the n-th ghost component 
Wn : W„+i(Op„_J C'p„_i, given by w„(ao, . . . ,a„) = X^ILo^^^'^f ' with p"an = 
in Op„_i. Prom the definition of the morphism of functors : Wn+i ^ VFi, we 
also get that, in degree 0, is the factorization of the n-th ghost component. Since 
= On in degree and WnOp ^ is generated as dga by its sections in degree 

0, F"' and 6n have to be equal. □ 

Lemma 8.5. Let S be SpecZ(p), X an S-scheme, tt : P := X the struc- 

tural morphism of a projective space over X. For n > 0, denote by Sn, Xn, PrnT^n 
the reductions modulo p^~^^ , and let BQp^^x^ C ^p^/Xn subsheaf of exact 

differential forms. 

(i) For all n > 0, the canonical homomorphism 

(8.5.1) bi : R't^U^'p^/xJ R^^n^i^i^/xjB^'k/xJ 

is an isomorphism. 
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(ii) Assume that X is flat over S, and let Yq ^ Pq be a regular closed immersion 
of codimension m. Then, 

(8.5.2) V rn, V n > 0, ni^^{Q%^,^J Bn%^/^J = 0. 

Proof. Let Q = Pj, and let Tq, . . . , T^j be homogeneous coordinates on Q. We define 
an S'-endomorphism cp : Q ^ Q hy sending Tj to T^, < i < d. By base change by 
u : X ^ S,we obtain an X-endomorphism of P, for which we will keep the notation 
(j), as well as for its reduction mod p""*""^. 

Let us fix n > 0. We can use the morphism and view (p'^'^^Qp as a 

complex of quasi-coherent Op^-modules, the differential of which is then Op^-linear. 
But Pn has an open covering by d + 1 open subsets which are relatively affine with 
respect to X„, and therefore R'^iTn* is a right exact functor on the category of 
quasi-coherent C>p„ -modules. As i?'^7rn*(ri'l~)^ ) = 0, assertion (i) follows. 

To prove assertion (ii), we use c/)""'"^ to view (/)"+^r2p as a complex of quasi- 
coherent Op^ -modules with an Op^ -linear differential, and we claim that the sheaf 
of Op„ -modules 

has a filtration by sub- Op^ -modules, the graded of which is locally free over Opg. 
As Yq is locally defined in Pq by a regular sequence of ra sections, the claim clearly 
implies assertion (ii). 

To prove the existence of this filtration, we may replace X, P by 5, Q, because 
the projection -y : P ^ Q is flat, and 

Now is a perfect scheme, and = W„+i(S'o). Thanks to the last assertion of 
Proposition 8.4 (ii), P"+i defines an isomorphism of graded algebras 

We may view as an Og^-linear isomorphism by endowing 7^' (Jig ) with the 
OQ„-module structure provided by the homomorphism Oq^ — > T~{-^{^q^/s„) defined 
by 0""^^, and Wn+i^Q^^^g^ with the structure corresponding to the previous one via 
. -R^iQ-^^j^J ^ W„+i(OqJ. The canonical filtration of Wn+i^Q^/s^ 
is then a filtration by sub-OQ„-modules, which can be transported to ^^{Vl*^ ) 

via As we know by [1179, I, Cor. 3.9] that the corresponding graded pieces 

are locally free OQg-modules for the structure defined by the homomorphism 



(8.5.3) 
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factorizing F : Wn+iiOg^) — > Wn+i^Oq^), the proof will be complete if we check 
the commutativity of the diagram 

(8.5.4) Oq„ ^ > '»-'i%./sJ -TT > Wn+iiOQo) 

Oq„ Wn+l{OQ,)/pWn+liOQ,). 

It is enough to check that the diagram induced on sections over D^{Ti) C Qn 
commutes, for < i < ci. So we may replace Oq^ hy A = (Z/p"+^Z)[x], with 
X = {xi, . . . ,X(i) and 4^*{xj) = Xj, 1 < j < d. Take / = ^jajx^ G A, with 
ai G Z/p"+iZ. Then 

As F^~^^ is the factorization of the (n+2)-th ghost component Wn+i '■ Wn+2{A) A, 
we see that {F"'~^^)~^ {x^ ) = [xj], 1 < j < d. Therefore, we obtain 

I 

Since F is given by lifting an element of to Wn+i{Ao), applying Frobenius and 
reducing modulo p, this gives the commutativity of (8.5.4). □ 

Proposition 8.6. Under the assumptions of Theorem 8.1, let f = iroi be a factor- 
ization of f as the composition of a regular closed immersion i :Y ^ P = of Y 
into a projective space on X , followed hy the canonical projection ir : P ^ X. For all 
n>l, let fniiniT^n be the reductions of f,i,Tr modulo Then the compositions 



(8.6.1) 


Ox - 


^ M/.(Oy) ^ Ox, 


(8.6.2) 




K/„.(OyJ^Ox„, 


(8.6.3) 


WniOxo) ^ m*{Wn{OYo)) ^^^^ Wn{Oxo 


(8.6.4) 


W{Oxo)^^j 


f,4W{OYo))^W{Oxo), 


(8.6.5) 


WOxoM ^ 


I'o^WOy^q) ^ WOx„Q, 



are given by multiplication by r. 



Proof. Since the restriction of / above U is finite locally free of rank r, it follows 
from (3.1.3) that the cndomorphism of Ojj induced by Tf o /* is mutiplication by r. 
But U is schcmc-thcorctically dense in X, therefore the same relation holds on X 
itself. So (8.6.1) is multiplication by r. 

Thanks to the flatness of X and Y over Z(p), the spectral sequence for the com- 
position of Tor's implies that, for all n > 1, X„ and Y are Tor-independent over X. 
Therefore, by Theorem 3.1, (ii), the morphism rj^ o /* is deduced from Tf o /* by 
base change from X to and (8.6.2) is also multiplication by r. 
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We want to deduce from this result that (8.6.3) is also multiplication by r. We 
observe first that the homomorphisms defined by Lemma 8.4 provide morphisms 

F^:Wn{Oxo)—>Ox^^,, 

Moreover, we can use the isomorphism (8.5.1) and define 

G-p := (bt)-' o R'^TT^F?) : R'^no^iW^n^/^J ^'^n-i *(i^|>„_,/x„_ J- 
We consider the diagram 
(8.6.6) 



Ox„-i — ^ fn-l*{OY„^i] 



-l*(7/„_i) 



TrP. 



n-l/^n — 1 



where the compositions of the upper and lower rows are respectively the maps in- 
duced by (8.6.3) and (8.6.2) on degree cohomology. Let us prove that this diagram 
is commutative. The left square commutes because the morphism Fj^ is functorial 

with respect to X. To prove that the right square commutes, it suffices to show 
that, if ^dRW ciiid CdR are the de Rham-Witt and de Rham Chern classes of Op{l), 
then ■^^RW ^^'^ ?dR have same image in R'^7rn-i*{^p J^^'p ^jx i)- 

R*7rn-i*{Fp) and 6* are compatible with cup-products, it suffices to show that the 
diagram 



R^nn-MO^^J ^ R'^n-i*inH^'p^_,/x^J) 

is commutative, which follows from (8.4.2). 

To simplify notations, we drop the base scheme from the indices, and denote 
Cp^_^ = ^p^_j / Bilp^_^ . To prove the commutativity of the central square of (8.6.6) , 
it suffices to prove the commutativity of the diagram 



Mry(F^)[(i] 



in-i*(Cy„_i) 



to apply the functor ]R7r„_i=^, and to pass to cohomology sheaves in degree 0. In 
this diagram, the upper left (resp. lower left) horizontal arrow maps 1 to 7yo,n (resp. 
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lY„-i,i), and the middle horizontal arrow is an isomorphism thanks to Lemma 8.5 
(ii). The middle and right squares commute by functoriality, and it suffices to prove 
that the left rectangle commutes. This part of the diagram comes from a diagram of 
morphisms of sheaves, therefore the verification is local on P. Thus we may assume 
that Y is defined by a regular sequence ii, . . . , in P. Then, since Y and P are flat 
over Z(p), the images of this sequence in Op„_i and Opg (still denoted ti,. . . ,td) are 
regular sequences defining l^-i and Yq. It is enough to show that the symbols 



d[ti]---d[td] 
[ti],...,[td] 



and 



dti ■ ■ ■ dtd 
h, - ■ ■ ,td 



dti ■ ■ ■ dtd 
h, - ■ ■ ,td 



in 



have same image in T'Ly{Cp^_^). By functoriality, the image of 

. On the other hand, it follows from the 



IS 



cl{dti ■ ■ ■ dtd 
ti,. . . , td 

construction of F" in Proposition 8.4 that Fp{[ti\) = tf € Op„_^, and FJ^{d[ti]) = 
cl{tf ~^dti) € T-L^^Q'p^ ^). Since the t^ 's form a regular sequence in Op„_i, we may 

d[ti] ■ ■ ■ d[td] 



argue as in the proof of Proposition 7.4 to show that the symbols 



[ti],...,[td] 



and 



clitf''---tf~'dt^---dtd) 

n n 
n ' ■ ■ ■ ' '-(i 

ity is then a consequence of Lemma 4.2, and the commutativity of (8.6.6) 



have same image in (Ci ). The wanted 



equal: 
follows. 

Returning to the homomorphism (8.6.3), we observe that it is defined by multipli- 
cation by a section /«„ of W„(Oxo)- Proposition 7.7 (i) implies that, for variable n, 

the sections k„ form a compatible family under restriction, and satisfy F{Kn) = ^n-i- 
If K = l^m ^ Kn € T{Xq, W{Oxo)), then F{K—r) = K—r. On the other hand, the com- 
mutativity of (8.6.6) implies that F^{Kn - r) = 0. So, if P„ : W{Oxo) ^ Wn{Oxo) 
is the restriction homomorphism, we obtain that 



K-re Ker(F - Id) n Q Ker(F^ o R^), 



n>l 



which is zero by (8.4.1). Thus k = r, hence Kn = r for all n. 

If we now consider in the derived category of inverse systems the composition 

W.{Ox,) ^ R/o.*(W-.(OyJ) ^ W.(Oxo), 

we obtain a morphism which has (8.6.3) as component of degree n. Therefore, this 
composition is multiplication by r on the inverse system W,{Oxo)- It follows that 
the composition 



W{Ox,) > MlimM/o.*(l^.(OyJ) 
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is multiplication by r. Using the isomorphism R^m o M/q,* — M/o* o M^m, we 
obtain that (8.6.4) is multiplication by r. Tensoring by Q and using the commutation 
of M/o* with tensorisation by Q, we obtain that (8.6.5) is multiplication by r. □ 

8.7. Proof of Theorem 8.1. The first assertion is a particular case of Theorem 3.2. To 

prove the other ones, we choose a factorization / = vroi, where i is a closed immersion 
of Y into a projective space P = over X, and vr is the structural morphism, and 
we keep the notations of the previous subsections. Applying the functor H'i{Xn, — ) 
(resp. i7'(Xo, — )), the morphisms tj^, Ti^T^^n and Tj^tt define homomorphisms 

m{YQ,woY,,^) ^ m{x^,wOx,,^). 

Proposition 8.6 implies that the composition of these homomorphisms with the func- 
toriality homomorphisms defined by /„ (resp. /o) is multiplication by r, and this 
implies Theorem 8.1. □ 

This also completes the proof of Theorems 1.5, 1.3 and 1.1. 

9. An example 

Because Theorem 1.1 was previously known in some cases, and can be proved in 
some other cases without using the most difficult results of this paper, it may be 
worth giving an example for which we would not know how to prove congruence 
(1.1.1) without using them. We give here such an example for each p > 7, except 

perhaps when jo is a Fermat number. 

9.1. We begin with a list of conditions that we want our example to satisfy. In these 
conditions, R, K and k are as in Theorem 1.1, and X is an i?-scheme. 

(1) X is a regular scheme, projective and flat over R. 

(2) H\Xk, Ox^) = K, and H1{Xk, Ox^) = for all q > 1. 

(3) There exists ^ > 1 such that H'i{Xk, OxJ 7^ 0. 

(4) X is not a semi-stable i?-scheme (in particular, not smooth). 

(5) dimX;^>3. 

(6) Xk is a variety of general type. 

Conditions (1) and (2) will ensure that X satisfies the hypotheses of Theorem 1.1. 
Condition (3) will ensure that we are not in the trivial situation described in the 
first paragraph of subsection 1.4. Condition (4) will ensure that Theorem 2.1 does 
not suffice to conclude. Condition (5) will rule out the case of surfaces, for which 
Theorem 1.1 is already known by [Es06, Th. 1.3]. Condition (6) rules out rationally 
connected varieties, for which Theorem 1.1 is also known because they satisfy the 
coniveau condition of [Es06, Th. 1.1]. It also grants that, if X can be embedded 
as a global complete intersection in some projective space over R, then congruence 
(1.1.1) cannot be proved by applying Katz's theorem [Kz71, Th. 1.0] to Xk, since a 
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smooth complete intersection in a iC-projective space for which Katz's n invariant 
is > 1 is a Fano variety. 

Remarks 9.2. We begin with a few remarks that make it easier to find an example 
satisfying the previous conditions. 

(i) Examples such that dim.k H^{Xk,Ox^) > dimK H^{Xk, Ox n) = have 
been known since Serre's construction of a counter-example to Hodge symmetry 
in characteristic p [Se58, Prop. 16]. The general principle behind such examples, 
which goes back to Grothendieck (see [SGA 1, XI, 6.11, (*)] over an algebraically 
closed field, and [Ra70, Prop. 6.2.1] for a general statement), is that the datum of 
a torsor Y on X under a finite group G defines a morphism G' Pic y/^^, where 
G' is the Carticr dual of G. Then, under certain conditions, the Lie algebra of 
G'l^ can have a non-zero image in the tangent space H^{Xk,Oxt,) to Pic y^^ /^. The 
simplest case (which was the one considered by Serre) is when G is the etale group 
"L/pL. Then the Artin-Schreier exact sequence shows that, when the torsor Yj^ 
remains non-trivial after extension to an algebraic closure k of fc, its class gives a 
non-zero element in {X-^, O x-j^) ■, and therefore H^{Xk,Oxi.) / 0. This happens 
in particular when is a complete intersection in some projective space, since we 
then have dim^ i?°(y^, Oy.) = 1. 

To simplify our quest, we will therefore replace condition (3) (and condition (5)) 
by the more restrictive condition: 

(3') X is the quotient of an hypersurface 1" in a projective space of relative 
dimension n > 4 over i? by a free action of the group Z/pZ. 

(ii) Assume that X satisfies condition (3'). Then H^{YK-,C)Yji) = K, and 
H1{Yk, Oyk) = for g 7^ 0, n - 1. Because char(if) = 0, we have H1{Xk, Oxk) = 
H1{Yk,Oyk)^. Hence, H^{Xk,Oxk) = K, and condition (2) is satisfied if and 
only if x{Oxk) = 1- As Yk is an etale cover of Xk of degree p, the Riemann-Roch- 
Hirzebruch formula implies that 

(9.2.1) x{Oy^)=PX{Ox,,). 

Then condition (2) is satisfied if and only if x{Oyk) = P- d is the degree of the 
hypersurface y, we obtain 

(_l)"-i(p_l) = dlinKH'^-\YK,OY^) 

= dimA-i/°(P^,Op^(d-n-l)). 

The simplest choice for checking this equation isd — ra— 1 = 1, so that we get 
dimft- H^{¥^, 0-pn^{d — n — l)) = n-|-l. Then we have to satisfy the conditions 

(9.2.2) p>2, n = p-2, d = p. 

Therefore, we will simplify even further our quest by replacing condition (3') by 
the following more precise condition, which implies (2), (3) and (5): 

(3") X is the quotient of an hypersurface Y of degree p in the projective space 
of relative dimension n = p — 2 over Rhy & free action of the group Z/pZ, with 
p>7. 
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(iii) Assuming that X satisfies conditions (1) and (3"), then condition (6) follows 
automatically. Indeed, Yk is smooth over K since char(ii') = 0, and its canonical 
sheaf is then Oy^(— n — 1 + d) = C>y^(l). Since Yk is an etale covering of Xk, it is 
the inverse image of the canonical sheaf on X, which therefore is ample too. 

So it suffices for our purpose to construct an example satisfying conditions (1), 
(3") and (4). 

9.3. We now begin the construction of our example. Assume that p > 5, and let E 
be the free Z(p)-module (Z^p))^'. We denote by cq, . . . , ep_i its canonical basis. Let a 
be a generator of G := Z/pZ. We let a act on E by cyclic permutation of the basis: 

(9.3.1) (T : Co I— )■ ei t-)- ■ ■ ■ ep_i(i— > cq). 

Let if C -B be the hyperplane consisting of elements for which the sum of coordinates 
is 0. It is stable under the action of G, and we endow it with the basis vi,... , Vp-i 
defined by Vi = €{ — e^-i. We take as projective space the space F{H) ~ ]P|;~^, with 
the induced G-action, and we denote by Xi, . . . , Xp_i the homogeneous coordinates 
on ¥{H) defined by the dual basis to the basis vi, . . . , Vp-i of H. Letting G act by 
composition on functions on H, one checks easily that the orbit of Xi is described 
by 

(9.3.2) Xi ^ -Xp_i ^ - Xp_2 ^ Xp_2 - Xp_3 ^■■■^X2-Xi{^ Xi). 

Let g^i^Xi, . . . , Xp-i) be the sum of the elements of the orbit of Xf, i.e., 

p-i 

(9.3.3) go{Xi, . . . ,Xp_i) = + {-Xp.if + J^i^i - ^^-i)^- 

i=2 

Then go G pZ[Xi, . . . , Zp^i], and we can define a polynomial g{Xi, ... , Xp^i) G 
Z[Xi,...,Zp^i] by 

(9.3.4) g{X,, Xp_i) = -go{X,, Xp_i). 

P 

Let Z C ¥(H) be the hypersurface defined by g. Since g is G-invariant, the 
action of G on F{H) induces an action on Z. We denote by g the reduction of g 
in Fp[Xi, . . . ,Xp^i]. We first study the singular points of Z^^. They are solutions 
of the system of homogeneous equations dg/dXi = 0, l<i<p — 1, which can be 
written as 

xp-^ = {X2 - Xi)p-i 

{X2 - Xi)P-^ = {Xs - X2y-' 



(9.3.5) 



(Xp_i - Xp_2)P^^ = {-Xp-i)p-^ 



Lemma 9.4. Let¥p be an algebraic closure of¥p. 

(i) The solutions of (9.3.5) in P"(Fp) belong to P"(Fp), and they correspond 
bijectively to the families {ui, . . . ,tip-i) € (Fp )p~^ such that 

(9.4.1) 1 + til + • • • + Up-i = 0. 
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(ii) For « € Fp , let u = [u] G //p_i(Zp) be its Teichmiiller representative. Then 
a point X G P'*(Fp) which is a solution of (9.3.5) belongs to Zp^ if and only if 

(9.4.2) 1 + Ml + • • • + Up^i € p'^Zp, 
where (ui, . . . ,Up-i) £ (F^ )^'~-^ corresponds to x by (i). 

Proof. Given (ui, . . . ,Up_i) G (W^Y^^ satisfying (9.4.1), the corresponding solution 
X = (^1 : . . . : Cp-i) G P"'(Fp) of the system (9.3.5) is obtained by choosing G F^ , 
setting 

(9.4.3) - ^i-i = Ui-iCi foT2<i<p-l, 

and observing that (9.4.1) implies that — Cp-i = lip-iCi- Assertion (i) is then 
straightforward . 

Let rji G Zp be a lifting of ^i, and let rji be defined inductively for 2 < z < p — 1 

by 

(9.4.4) rji - Tji-i = Ui-irji. 
Define a G Zj, by 

(9.4.5) l + ui-\ h Up-i = pa. 

Then we get by adding the equations in (9.4.4) 

(9.4.6) rjp-i = (iH h Up-2)rji = {pa - Up-i)rji. 

We can now substitute (9.4.4) and (9.4.6) in g^, and we obtain the relation 

go{m,---,Vp-i) = Vii'^ + Ui + . . . + ul_2 + {up-i - paf) 

(9.4.7) = r/?(l + i2i + ... + V2 + Vi + E(^)^p:i(-f«)') 
= par]^ mod p^I^p. 

Hence we get 

(9.4.8) g{rii rjp-i) = arf^ mod pZp, 

and assertion (ii) follows. □ 

Lemma 9.5. (i) The action of G on Z^^ is free. 

(ii) If p is not a Fermat number, then Zp^ is singular, and is not the special 
fibre of a semi-stable scheme. 

Let us recall that the Fermat numbers are the integers of the form 2^" + 1 with 
n > 0, that any prime number of the form 2" + 1 with n > is a Fermat number, 
and that the only known prime Fermat numbers are 3, 5, 17, 257 and 65537. 

Proof. Over Fp, the matrix of the action of a on (Fp)^ has 1 as unique eigen- 
value, with a corresponding eigenspace of dimension 1, generated by the eigen- 
vector (1, . . . , 1). This eigenvector belongs to H/pH, where it has coordinates 
{p — l,p — 2, . . . , 1) = —(1, . . . ,p — 1) in the basis vi, . . . ,fp-i. Therefore, the 
only fixed point of a in P"(Fp) is the point xq = {1 : 2 : . . . : p—1). This point is the 
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solution of (9.3.5) corresponding to tii = . . . = Up-i = 1. Lemma 9.4 (ii) implies 
that it does not belong to Zf^, which proves assertion (i). 

As the system (9.3.5) has only a finite number of solutions, the singular points of 
Zfp arc isolated. In particular, since dimZf^ > 4, Zfp cannot be the special fibre 
of a semi-stable scheme if it has a singular point. To find a singular point on Z^^, 
Lemma 9.4 shows that it suffices to construct a family {ui)i<i<p-i of (p — l)-th roots 
of unity in Zp such that 1 + Yli ^ P^'^p- Since p is not a Fermat number, p — 1 
has an odd prime factor q. We can choose a primitive q-th root of unity and 
set Ui = C for 1 < i < q — 1, Ui = 1 for q < i < q + {p — q) /2 — 1, Ui = —1 for 
q+ip — q)/2<i<p — 1. So Zp^ is singular. □ 

9.6. We now address the regularity condition in 9.1 (1). We replace Z by another 
equivariant lifting of Z^^ defined as follows. Let R be the ring of integers of a finite 
extension K of Qp, of degree > 1, with residue field k. If K/Qp is unramified, we set 
TT = p, otherwise we choose a uniformizer tt of R. Let A G i? be an element satisfying 
the following condition: 

a) If K/(Qp is unramified, then the reduction of A mod p does not belong to F^; 

b) If K/Qp is ramified, then XeR"^. 

Let h G Z[Xi, . . . , -'^p-i] be the product of the elements of the orbit of Xi, i.e., 

p-i 

(9.6.1) h{Xi, . . . ,Xp_i) = Xi(-Xp_i) HiXi - Xi_i), 

i=2 

and let / G R[Xi, . . . , Xp^i] be defined by 

(9.6.2) f = g + T^\h. 

We define Y C to be the hypersurface with equation /. Since / is invariant 
under G, the action of G on induces an action on Y . Its special fibre Yk is 
equal to Z^, on which G acts freely by Lemma 9.5. Then the fixed locus of cr is a 
closed subscheme of F, and its projection on Speci? is a closed subset which does 
not contain the closed point. Therefore it is empty, and the action of G on y is free. 
We define X to be the quotient scheme X = Y/G. 

Proposition 9.7. Assume that p is an odd prime which is not a Fermat number. 
Then the scheme X defined above satisfies conditions (1) - (6) of 9.1. 

Proof. As observed in 9.2 (iii), it suffices to check that X satisfies conditions (1), 
(3") and (4), and condition (3") holds by construction. 

The hypersurface Y is projective and flat over R, since g is not divisible by tt. 
So X is also projective and flat. As Y^ = Z^, Lemma 9.5 (ii) implies that Y is not 
semi-stable. Since Y ^ X is etale and semi-stability is a local property for the etale 
topology, X is not semi-stable either. So we only have to prove that X is regular. 
This is again a local property for the etale topology, hence it suffices to prove that Y 
is regular. Because Y is excellent, its singular locus is closed, and the same holds for 
its projection to Spec R. So it is enough to check the regularity of Y at the points 
of its special fibre. The regularity is clear at the smooth points of Y^, and we need 
to prove it at the singular points. 
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Let X = (^1 : . . . : ^p-i) G be a singular point of Yfc. As = Z^, x 

corresponds by Lemma 9.4 to a family {ui, . . . ,Up-i) G (F^ )^~^ such that 

(9.7.1) l + ui + --- + Up-i=p^l3 

for some P € Zp. We have seen in the proof of Lemma 9.4 that G , so we may 
assume that = 1. We set 771 = 1, and we define inductively rji for 2 < i < p — 1 
by (9.4.4). This allows to work on the affine space = D+{Xi) C P^, and we will 
denote 

a*{X2, . . . , Xp^i) := a(l, X2, . . . , ^p-i) 

for any homogeneous polynomial a{Xi, . . . , Xp-i) £ R[Xi, . . . , Xp-i\. For 2 < i < 
p — 1, we set 

Xi = rii + Yi, 

so that (tt, F2, • • • , ^-1) is a regular sequence of generators of the maximal ideal vcix 

of the regular local ring Oa" x- 

We want to prove that Ox^,x/{f*) is regular, i.e., that /* ^ m^. We first claim 
that 

(9.7.2) g*=pl3 modm^. 

Indeed, applying (9.4.7) with a = pf5, we obtain the congruence 

go*{V2,---,Vp-i)=p'^P modp^Zp, 

hence 

(9.7.3) g4ri2,...,Vp-i)=PP modp^ZpCm^. 

On the other hand, equations (9.4.4) show that, for 2 < z < p — 2, 

(9.7.4) ||(^2,...,r?p-i)=0. 
Finally, equations (9.4.4) and (9.4.6) show that 



dXp_i 



im, Vp-i) = iVp-1 - VP-2T ^ - rfp_\ 
= 1 - (p2/3 - Vif 



(9.7.5) = mod p^Zp C m^. 

Applying (9.7.3), (9.7.4) and (9.7.5) to the Taylor development of 5* proves (9.7.2). 
From the definition of h, we obtain 

p-2 p-l 

(9.7.6) /i*(r?2, • • • , rjp-i) = -{p^P - Up-i) JJ Uj = JJ Uj mod ma;. 

1=1 i=l 

As h-t = h^{r]2, ■ ■ ■ , rjp-i) mod vn-x-, /* satisfies the congruence 

p-i 

'it 



(9.7.7) f*=g^ + TrXK = Tr{-l3 + xY\ui) mod m^. 

'1=1 

Let w = ^(3 + Af^^Uj. If K/Qlp is ramified, then condition 9.6 b) implies that w 
is a unit. If K/Qp is unramified, then tt = p, and condition 9.6 a) implies that the 
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reduction mod p oi w is non-zero, hence w is again a unit. In each case, ^ 
and Oy,x is regular. E 



•XI 



□ 



Appendix: Complete intersection morphisms of virtual relative 

dimension 

As mentioned in the introduction, we explain here the construction of the mor- 
phism Tf : R/*Oy — t- Ox for a proper complete intersection morphism f : Y ^ X 
of virtual dimension 0, and we give a proof of Theorem 3.1. 

The Appendix consists of two sections. In section A, we recall the construction of 
the invertible sheaf uiy/x associated to a complete intersection morphism f -.Y ^ X, 
and we prove some of its properties. We do not use duality theory here, even if we 
keep for convenience the terminology "relative dualizing sheaf". Instead, we use the 
complete intersection assumption to deduce our constructions from the elementary 
properties of smooth morphisms and regular immersions, thanks to the canonical 
isomorphisms defined by Conrad [CoOO, 2.2]. It is then easy to define the canonical 
section Sj of Uy/x when / has virtual relative dimension 0, and to prove its basic 
properties. 

In section B, we assume that X is noetherian and has a dualizing complex. We 
then use duality theory and the identification ujy/x /'Cx to deduce Tf from the 
canonical section 5f. To translate the properties of Sj into the properties of Tf listed 
in Theorem 3.1, we need to use the fundamental identifications of duality theory, as 
well as the various compatibilities between these identifications. Our proofs rely in 
an essential way on Conrad's exposition [CoOO]. 

It may be worth pointing out that we need in this article the compatibility of 
Tf with base change in a context which is not covered by the base change results 
of [CoOO]. Indeed, we consider morphisms / which are not flat in general (such 
as in Theorem 1.5), and base change morphisms which are not fiat either (such as 
reduction mod in the proof of Proposition 8.6). The key property we use here, 
which is familiar to the experts, but not so well documented in the literature, is the 
Tor-independence of / and the base change morphism. 

A. The canonical section of the relative dualizing sheaf 

We recall now the construction of the invertible sheaf uy/x for a complete inter- 
section morphism, and we explain some of its properties. As often, the main work is 
to prove that the constructions axe well-defined, and in particular to check the sign 
conventions. As the details are easy but tedious, we leave most of them as exercises, 
and only sketch the main steps of the verifications. 

We first recall a standard base change result for complete intersection morphisms 
(see [SGA 6, 3.7.1] for the finite Tor-dimension of M/*£:*). 

Proposition A.l. Let f : Y ^ X be a complete intersection morphism of virtual 
relative dimension m, and let 



(Al.l) 



Y' 



V 



^Y 



f 



X' 



u 



X 
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be a cartesian square such that X' and Y are Tor-independent over X. 

(i) The morphism f is a complete intersection morphism of virtual relative 
dimension m. 

(ii) Assume that X is quasi- compact, and that f is separated of finite type. 
If S' € Dq(,(Oy) is of finite Tor-dimension over Oy , then M/*£'* is of finite Tor- 
dimension over Ox, and the base change morphism 

(A.1.2) hu*Rf*£' — >RfiLv*£' 

is an isomorphism. 

Proof. The first claim is local on Y' , so we may assume that there exists a factor- 
ization / = TT o i such that it : P X is a smooth morphism of relative dimension 
n, and i : Y "-^ P is a closed immersion of codimension d = n — m. Then i is a 
regular immersion, defined by an ideal T C Op, and, since the claim is local, we 
may assume that I is generated by a regular sequence ti, . . . ,t(i of sections of Op. 
Then the Koszul complex K,{ti, . . . , t^) is a resolution of Oy by Op-modules which 
are fiat relatively to X. Let P' = X' Xx P, and let t[, ■ ■ ■ ,t'^ be the images of 
ti,. . . ,td in Opi. Since X' and Y are Tor-independent over X, the Koszul complex 
K{t[, . . . ,t'^) is a resolution of Oy over Opi, which shows that /' is a complete 
intersection morphism of virtual relative dimension m. 

Assume now that the hypotheses of (ii) are satisfied. Since X is quasi-compact, it 
suffices to check that R/*^'* is of finite Tor-dimension when X is affine. We can then 
choose a finite covering il of F by affine open subsets Ua, and we may assume that 
the Uoi are small enough so that the restriction fa of / to Ua can be factorized as 
fa = T^a ° ia, where TTa : Pq — >■ X is smooth and ia '■ Ua ^ Pa is a closed immersion 
defined by a regular sequence of sections of Op^. For each sequence ao < ■ ■ ■ < 
denote Ua = Uao fl ■ ■ ■ fl Ua^, ja '■ Ua '-^ Y, and let fa be the restriction of / 
to Ua- If T* is an injective resolution of £*, then the alternating Cech complex 
C*(il, I*) is a resolution of £' . Since ja is an affine open immersion, the complex 
ja*ja-^* = Rja^Ja^' belongs to D^crvdi^y) ^'-'^ each a. Therefore it suffices to 
prove that M.f^£* G -^qcfTd(^^) ^'-'^ complexes £* of the form Rj*J^*, where j is 
the inclusion of an affine open subscheme U, and T* G -^qc fTd(^t^)- '^^^^ reduces 
the proof to the case where Y is affine. Then there exists a bounded complex of 
Oy-modules V with flat quasi- coherent terms, and a quasi-isomorphism V £* . 
Since Oy has finite Tor-dimension over Ox, so does any fiat Oy-module, and the 
first assertion of (ii) follows. 

The complex 'Lv*£' belongs to D\c rrd^'^Y') i hase change morphism 

(A.1.2) can be defined by adjunction as usual. Arguing as before, it suffices to 
prove that it is an isomorphism when X is affine and £' is of the form Mj^J-"*, where 
j is the inclusion of an affine open subscheme U dY, and F' G -Dq^ fp^(Oj/)- Let 
U' = X' Xx U, and let w : U' ^ U be the projection, / : U' <-4 Y' the pull- 
back of j. Since j is an affine morphism and J-* G DqcfTdi^u), the base change 
morphism Lw*Mj*J-'* M.j'J^w*J-'' is an isomorphism. This implies that the base 
change morphism for / and £* is an isomorphism if and only if the base change 
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morphism for f oj and J-* is an isomorphism. If one chooses a bounded, flat, quasi- 
coherent resolution V* of T*, the Tor-independence assumption implies that, for 
each n, (/ o j)^V^ is it*-acyclic. It follows easily that the base change morphism for 
V* is an isomorphism, which ends the proof. □ 

Remark. Assertion (ii) holds more generally if one replaces the complete intersection 
hypothesis on / by the assumption that £* has finite Tor-dimension over Ox- It 
is also standard to extend the assertion to the case where / is only assumed to be 
coherent, i.e., quasi-compact and quasi-separated. 

A. 2. Let f : Y X he & complete intersection morphism of relative dimension 
m. We now recall how one can associate to / an invertible Oy-module wy/x; called 
the relative dualizing sheaf of Y/ X (or /) . We will use here the direct construction 
based on elementary algebra^, which makes explicit the existence of the canonical 
section when m = 0, and is a natural extension of Conrad's constructions for the 
canonical isomorphisms C,'^ ^ [CoOO, 2.2]. 

If / = TT o z is a factorization of / where tt : P — )■ X is a smooth morphism of 
relative dimension n and i -.Y P a, closed immersion of codimension d = n — m, 
defined by a regular ideal I C Op, then one defines ojy/x by setting 

(A.2.1) ujy/x = ^Y/p ^Oy i*^p/x 

= A<^((X/X2)V) i*^P/x- 

Up to canonical isomorphism, this construction is made independent of the choice 

of the factorization as follows. Let / = vr'oi' be another factorization of / through a 
smooth morphism vr' : P' — ?• X, and let ^^y/x ^Y/x the invertible Oy-modules 
defined by (A.2.1) using the two factorizations. Assume first that there exists an X- 
morphism u : P' ^ P such that uoi' = i, and which is either a smooth morphism or 
a regular immersion. Then, one defines an isomorphism '^{u) '■ ^y/x ^y/x 
by the commutative diagram 

(A. 2. 2) '^Y/x ^ ^Y/p ® i*^p/x —--z — ^ '^Y/P' ® i'*iOp'/p (8) i'*u*ujp/x 

~ id®i"(C..) 

7* P' 
Ijjyjpi 0$ I LOpi IX = ^yjX' 

The definitions of C^^, ^ and (^^.tt depend upon whether n is a smooth morphism 
or a regular immersion (the two definitions agree when u is an open and closed 
immersion): 

a) If u is smooth, then ^ is defined by [CoOO, p. 29, (d)], and C^tt defined 
by [CoOO, p. 29, (a)]. 




^ For a more intrinsic construction, one can use the general properties of the cotangent complex 
Ly/x [1171]. Here, Ly/x is a perfect complex, of perfect amphtude in [—1,0], and of rank m [1171, 
3.2.6]. Taking its (graded) determinant in the sense of Knudsen-Mumford [KM76], one obtains the 
complex oiy/jf [m]. Special attention should be paid in this construction to sign compatibilities, as, 
for historical reasons, the sign conventions used in [1171] and [KM76] conflict with those of [CoOO]. 
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b) If u is a regular immersion, then ^ is defined by [CoOO, p. 29, (b)], and C4 
is defined by [CoOO, p. 29, (c)]. 

Let / = vr" o i" be a third factorization of / through a smooth morphism it" : 
P" X, let ^j^Y/x defined by (A. 2.1) using this factorization, and assume that 
there exists an X-morphism v : P" —?■ P' such that v o i" = i' and such that each 
of the morphisms v and uo v is either a smooth morphism or a regular immersion. 
Then it follows readily from Conrad's general transitivity relation for compositions 
of smooth morphisms and regular immersions [CoOO, (2.2.4)] that 

(A.2.3) e'"''''\v)oe'"'P{u)=eP"'P{uov). 

If f = IT o i = tt' o i' arc any factorizations as above, let now P" = P' Xx P, 
and let i" : Y ^ P" be the diagonal immersion, and q : P" P,q' : P" — > P' the 
two projections. One defines the canonical isomorphism : coy/x — ^ '^y/x 

setting 

(A.2.4) £^''^:=£^"'^'(gO-'o£^"'^(g). 

Whenever there exists a smooth morphism or a regular immersion u : P' P as 
above, it follows from (A.2.3) that '^{u) = . One checks similarly that the 
isomorphisms £pi^p satisfy the usual cocycle condition for three factorizations. 

Thanks to this cocycle condition, one can then define the invertible sheaf (jJy/x 
even when there does not exist a global factorization f = tt o i as above, by choos- 
ing local factorizations and glueing the invertible sheaves obtained locally by the 
previous construction. By construction, the sheaf ojy/x commutes with Zariski lo- 
calization, and is equipped with a canonical isomorphism for which we keep the 
notation 

(A.2.5) C4,i ■ ^Y/x ^ ^Y/p ®Oy i*^P/x, 

for any factorization f = n o i where tt is a smooth morphism and z is a regular 

immersion. 

If m is the virtual relative dimension of Y over X, we will need to work with 
the complex LOY/xb^^] which is the single Oy -module ujy/x sitting in degree — m. If 
/ = TT o i as above, we define in D^{Oy) the isomorphism of complexes 

(A.2.6) Ci,7r ■ ^Y/x[m] > ujY/p[-d] ®Oy ^i*{^p/x[n]) 

by (A.2.5) in degree — m, without any sign modification. If / is a smooth morphism 
or a regular immersion, this definition is consistent with [CoOO, (2.2.6)]. By [CoOO, 
(1.3.6)], the isomorphism (A.2.6) is equal to the composed isomorphism 

<^Y/x[m] ) {u)Y/p ®Oy ^i*{^p/x))[m] > (wy/p ®Oy ^'i'*{<^p/xH))[-d] 

(A. 2.5) 1 7^ I 

> a;y/p[-d] (g)c)y Li*(a;p/x[^]) 
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and differs from the composed isomorpliism 



m\ 



(A.2.5)[m; 



> (wy/P (8>Oy I^i*{ujp/x))[m] 



{ujY/p[-d] ®Oy ^i*{^P/x))[n] 

L 

a;y/p[-d] (gjoy Li*(a;p/x[n]) 



by multiplication by (— 1) 



dn 



Lemma A. 3. Under the assumptions of Proposition A.l, there exists a canonical 
isomorphism 



(A.3.1) 



Moreover, if the assumptions of Proposition A.l (ii) are satisfied, the canonical base 
change morphism 



(A.3.2) 

is an isomorphism. 



hu*Rf,{u;Y/x) ^ RfUooY'/x')- 



Proof. Since ujy/x is invertible, LiV*{ujy/x) ^ ^*(^y/x)- To prove the isomor- 
phism (A.3.1), assume first that there exists a factorization / = tt o i where tt is 
smooth and z is a regular immersion. Let /' = tt' o i' be the factorization de- 
duced from / = TT o i by base change. Then, if I and I' are the ideals defining i 
and i', the Tor- independence assumption implies that the canonical homomorphism 
u*{X/X'^) — >■ X' /X'"^ is an isomorphism, which defines (A.3.1). It is easy to check that, 
for two factorizations of /, the corresponding isomorphisms axe compatible with the 
identifications (A. 2.4). This provides the isomorphism (A.3.1) in the general case. 

When the assumptions of A.l (ii) are satisfied, the isomorphism (A.3.2) follows 
from (A.3.1) and (A. 1.2). □ 

A.4. Let 




be a cartesian square, and assume that: 

a) / and u are complete intersection morphisms of relative dimensions m and n; 

b) X' and Y are Tor-independent over X. 

Then Lemma A. 3 provides canonical isomorphisms 

V*{i^Y/x) ^Y'jX'-, f'*{^X'/x) LOy'/y- 

One defines the canonical isomorphism 
(A.4.1) xf,u ■■ <^Y'/Y ®Oy, v*{uy/x) 



as being the product by (— l)"*" of the composite 
UJy'/Y (^Oy> v*{uy/x) f'*{^X'/x) ®Oy> ^Y'/X^ 



> U)Y'/X' ^Oyi f *(WX'/X) 

LOy'/X' f'*{'^x'/x), 
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where the first isomorphism is the product of the previous base change isomorphisms, 
and the second one is the usual commutativity isomorphism of the tensor product 
(see [De83, Appendix, (a)] and [CoOO, p. 215-216]). 

The following relations follow easily from the local description of the isomorphisms 
Cf^g given in [CoOO, p. 30, (a) - (d)]: 

(i) In the above cartesian square, assume that each of the three morphisms u, 
f and u o f = f o V is either a smooth morphism or a regular immersion. Then the 
following isomorphisms cjy'/x ^ ^Y'/X' <S)Oy/ f'*{^x' /x) are equal: 



(A.4.2) 

(ii) Let 



C/',u = Xf,u o CvJ- 




Y 



r 



■I c_ 



Y 



X 



X 



I c 



X 



be a commutative diagram in which the square is cartesian, / is smooth, i and u 
are regular immersions. Then the following isomorphisms 



are equal: 
(A.4.3) 

(iii) Let 



l^X"/X '^X"/Y' ®Ox„ j*{^Y'/X') ^Ox„ i*ii^x'/x) 

{C'j,f ® Id) o c;,, = (Id j*Uf,u)) o (Cj,. ^ Id) o 



Y" 



Y' 



Y 



f" 


f 











X" 



X' 



X 



be a commutative diagram in which both squares are cartesian, each of the mor- 
phisms /, n, u' and uou' \s either a smooth morphism or a regular immersion, X' 
and Y are Tor- independent over X, and X" and Y' are Tor-independent over X' (so 
that X" and Y arc Tor- independent over X, and all immersions are regular). Then 
the following isomorphisms 

U)Y"/Y ®Oy„ {vv')*{uy/x) ^Y"/X" ®Oy„ f"*{l^X"/X' ^O^n u'*{ux'/x)) 

are equal: 

(A.4.4) (Id ® r*(0,J) o Xf,uu' = iXf'X ® Id) o (Id ® v'*{xf,u)) o (C;,. ® Id). 



We will also need to extend the isomorphism Xf,u to the derived category. We 
define 

(A.4.5) Xf,u ■ i^Y'/Y[n] ®Oy, ^v*{uY/x[m]) > ojY'/x'[m] ^Oy, L/ *{ux'/x[n\) 
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by (A. 4.1) in degree — (m+ra), without any further sign modification. Because of the 
sign convention in the commutativity isomorphism for the derived tensor product 
[CoOO, p. 11], Xf,u can also be described as the composite 

Uy /Y N ^Oy, ^V* {Uy/X H ) > * (^X' /X N ) ^^Oy, ^Y' /X' H 



where the first isomorphism is the tensor product of the base change isomorphisms, 
and the second one is the commutativity isomorphism. With this definition, the 
previous relations (A. 4. 2) to (A. 4. 4) remain vahd in D^{Oy'). 

A. 5. We now consider the composition of two complete intersection morphisms 
f:Y^X,g: Z^Y, and define a canonical isomorphism 



(A.5.1) 



C'gJ ■ ^Z/X l^Z/Y ®Oz 9*{^YIx) 



extending the isomorphism (A. 2. 5). 

Assume first that there exists a factorization / = tt o i, where tt : P ^ X is 
a smooth morphism, and a factorization i o g = tt" o j, where tt" : P" — )■ P is a 

smooth morphism (such factorizations always exist when X, Y and Z are affine). 
Let vr' : P' y be the pull-back of tt", so that we get a commutative diagram 

(A.5.2) 




^X 



where the middle square is cartesian. Using (A. 2. 5) for (j, ijj), and the isomorphisms 
C-/ i" ® 3*{Ct^" tt)' "^^ obtain an isomorphism 

^Z/X = '^Z/P" <^i*('^P"/x) {^Z/P' ®'>''*{^P'/P"))® j*{^P"/P®T^"*{^P/x)) 

~^ ^zjP' ® i!*{ijJpi jpii ® i"*{ujpii jp)) (g) g*i*{ojp/x)- 

Using the isomorphism 

XTT"d : ujpi jpii ® i"*{ujpii ip) Up' jY ®t^'*{ojy/p) 
defined in A.4, and {C,^, ^, 'S) g* {('i ■,^))~^ , we then obtain the composed isomorphism 

i^z/x ujz/pi®i'*{i^pi/Y®'^'*{'^Y/p))®9*i*{'^p/x) 
{^zjP' ® i'*{'^P'/Y)) ® 9*{^Y/p ^ i*{^p/x)) 



> ^Z/Y<^9*{^Y/x), 

which defines (A.5.1). 

To prove that this isomorphism is well defined, and to glue the local constructions 
to obtain a global one when a diagram (A.5.2) docs not exist globally, we must 
check that it does not depend on the chosen factorizations. If we have two diagrams 
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(A. 5. 2), with factorizations f = TTk ° ik, ik ° 9 = t^'I ° jk-, for k = 1,2, we can 
embed Y diagonally in Pi Xx -P2, and Z in Pf Xx This allows to reduce the 
verification to the case where there exists a smooth X-morphism u : P2 ^ Pi such 
that u o 12 = ii, and a smooth morphism u" : P2 P" such that vr" o u" = uo iri^, 
and ji = u" o j2- Morever, the same argument shows that we may assume that the 
morphism Pl^ — ^ Pf' x P2 is smooth. The verification can then be reduced to the 
following two cases: 

(i) The morphism P^ — )■ P^' x P2 is an isomorphism; 

(ii) The morphism P2 — ?• Pi is an isomorphism. 

In each of these cases, the equality of the two definitions of (A. 5.1) breaks down 
to a succession of elementary commutative diagrams involving isomorphisms of the 
form Q'j g and We omit details here, and only point out that, in addition to 

[CoOO, (2.2.4)], the first case uses relation (A. 4. 2), and the second one uses relation 
(A. 4. 3). In particular, the sign convention introduced in the definition of Xf,u in A. 4 
is necessary for this independence result. 

If m and m' are the virtual relative dimensions of / and 5, we define as in A. 2 
the derived category variant of (A. 5.1) as being the morphism 

(A.5.3) C'gj ■■ ^z/x[m + m'] ^ w^/yK] ®Oz ^f{^Y/x[m\) 

defined by applying (A. 5.1) to the underlying modules (sitting in degree — m — m'), 
without any sign modification. 

With the definition of C,'g j provided by (A. 5.1) (resp. (A.5.3)), we now extend to 
complete intersection morphisms Conrad's transitivity relation [CoOO, (2.2.4)]. 

Proposition A. 6. Let 

T Z -^Y ^ X 
he three complete intersection morphisms. Then 
(A.6.1) (Id ® h*{Q'gj)) o = iCl^ Id) o c;,,;. 

Proof. As the verification is local on T, we may assume that there exists a commu- 
tative diagram 




Q" Q' 




P" P' P 



T >z >y ^x 

in which the three squares are cartesian, the morphisms vr, ip' , ijj" arc smooth, and 
the immersions i, i' , i" are regular. Using [CoOO, (2.2.4)] and the relation (A. 4. 4), the 
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proof of (A. 6.1) again breaks into a succession of elementary commutative diagrams, 
which we do not detail here. □ 

A. 7. We now assume that f : Y ^ X is a complete intersection morphism of 
(virtual) relative dimension 0, and, under this hypothesis, we define a section Sf e 
T{Y,ujy/x)j which we call the canonical section. 

We first assume that there is a factorization f = n o i such that tt : P ^ X 
is a smooth morphism of relative dimension n, and i : y P is a regular closed 
immersion, necessarily of codimension n since / has relative dimension 0. Let I C 
Op be the ideal defining i. The canonical derivation d : Op ^ ^p/x induces an 
Oy-linear homomorphism d : X/X^ i*Cl^p^-^. Taking its n-th exterior power, we 
obtain a linear homomorphism 

(A.7.1) A"d : A"(X/X2) 

Through the canonical isomorphisms 

= ^YjX-, 

it can be seen as a section of uy/x^ which is the section 5f. If (ti, . . . , t„) is a regular 
sequence of generators of X on a neighbourhood U of some point y G then 

(A.7.2) 5f = {t]; A... Ai^)®i*{dtnA... Adti) eV{U,UY/x), 

since the canonical isomorphism {N^{X/X'^)y = A"'((X/X^)'^) maps (?„ A . . . A tiY 
to A ... A t^. 

To end the construction of 5f, it suffices to check that the section obtained in this 
way does not depend on the chosen factorization. Using the diagonal embedding, 
it suffices as usual to compare the sections df and 5j defined by two factorizations 
f = Troi = Tr'oi' when there exists a smooth X-morphism u : P' ^ P such that 
uoi' = i. Let X' be the ideal of Y in P' , and 

<^Y/x = A"'((X7X'2)V) 

where n' is the codimension of y in P'. Then the canonical identification uiy/x — 
oo'yix is given by (A.2.2), case a), and, thanks to (A.7.2), the equality 5/ = 5'^ follows 
from [CoOO, p. 30, (a) and (d)]. 

Proposition A.8. Let f : Y ^ X be a complete intersection morphism of virtual 
relative dimension 0. 

(i) Let g : Z ^ Y be a second complete intersection morphism of virtual 
relative dimension 0. The image of 5fg under the isomorphism C,'g j defined in (A.5.1) 
is given by 

(A.8.1) c;/(5/,) = <5,0 5*(5/). 

(ii) For any cartesian square (A. 1.1), the isomorphism (A. 3.1) 

V*{l^Y/x) <^Y'IX' 
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maps v*{5f) to df . 

Proof. As the first claim is local on Z, wc may assume that there exists a diagram 
(A. 5. 2) in which the immersion i is defined by a regular sequence (ti, . . . , and the 
immersion j = i" o by a regular sequence {t[,. . . , t'^i,ti, . . . ,t'^), with = Tr"*{ti). 
If we set t'j^ = i"*{t'j), then i' is defined by the regular sequence {t[, . . . ,t'^,). By 
construction, Sfg corresponds by to the section 

(t'^"^ A ... A A ty A ... A i'l"^) ® j*{dt[ A ... A dt'^, A < A ... A dt'^) 
of oJz/P" ® i*(^P"/x)) which is mapped by Cj'/ j" ^ tt) *° section 

(t;/A. . . aF/)0z'*(Ca. . .AC))®i*(« A. . .A<,)®7r"*(dti A. . .Adt„)) 
of {uJz/p' i'*i'^P'/P")) ® j*{^P" /p ® 7r"*(a;p/x))- We then get via XTT",i the section 
(4/ A . . . Af/) A . . .^dVy®i'*^T'*{tn^ A . . .At/) O i*^"*{dti A . . . Adt„)), 

of oJz/P' ® i'* {ojpi /y) 'Si i'*TT'*{uJY/p) ® j*T^"* {'^p/x)i which, by construction, corre- 
sponds by (C-,^^, (8) 5*(C-,^))-^ to the section 5g ® g*{Sf) of uz/y <8) 5*(wy/x)- 

The second claim follows from (A.7.2). □ 

B. The trace morphism r/ on R/*(Oy) 

Let / : y ^ X be a proper complete intersection morphism of virtual relative 
dimension 0. This section is devoted to the construction of the "trace morphism" 
Tf : M/^Oy Ox, derived from the canonical section of Wy/x defined in A. 7. 
The key step is to define an identification A/ between wy/x as defined in A. 2, and 
fOx- The construction is then a straightforward application of the relative duality 
theorem, and the properties of Tf listed in Theorem 3.1 follow from corresponding 
properties of (5/ and A/. 

B.l. For the whole section, we assume that X is a noetherian scheme with a dualiz- 
ing complex. If / : y — >■ X is a morphism of finite type, and K* a residual complex 

on X, let f^K* be its inverse image on Y in the sense of residual complexes, which is 
a residual complex on Y . Then K' and f^K* define respectively duality 5- functors 
Dx on DcohiOx) and Dy on DcohiOy). We recall that, following [CoOO, 3.3], the 
functor /• : D+^{Ox) ^ D+^^{Oy) is defined by f = Dyo hf* oDx- We also 
recall that, when / is smooth of relative dimension m, /" : -C^j^(Ox) -^rahC^^) 
denotes the functor defined by 

(B.1.1) := coyfxH hor Lr(r), 

while, when / is finite, : D^\^{Ox) — >■ -^^hC^'^) denotes the functor defined by 
(B.1.2) f\£') ■.= Tmiom,oAhOY,S'), 

where / is the (fiat) morphism of ringed spaces (y, Oy) (X, f^Oy). 

Assume now that / : y ^ X is a complete intersection morphism of virtual 
relative dimension m. We first explain the relation between the relative dualizing 
module LVy/x defined in the previous section, and the extraordinary inverse image 
functor f'. We will consider complexes of the form £* = £[r] € D^^^{Ox), where 
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r € Z is some integer, and L is an invertible Ox-module. For such a complex, we 
generalize the above notation and define again 

(B.1.3) j\e') ■= a;y/x[m] L/*(r). 

We observe that /"(<?*) is another complex concentrated in a single degree, with an 
invertible cohomology sheaf. We can then construct a canonical isomorphism 

(B.1.4) A^,£.:/«(r)^/(r) 

as follows. 

a) If / is smooth, then definitions (B.1.1) and (B.1.3) coincide, and we set 
(B.1.5) A^,£.=e/:/«(r)^/(r), 

where e/ is the isomorphism defined by [CoOO, (3.3.21)]. 

b) If / is a regular immersion, then we define Ay^^£» to be the composition 

(B.1.6) A^,f. : ^ f\8') % f{£'), 

where r?/ is defined by [CoOO, (2.5.3)] and df by [CoOO, (3.3.19)]. 

c) In the general case, let us assume first that there exists a factorization / = ttoz, 
where vr : P — ;> X is a smooth morphism of relative dimension n, and i is a regular 
immersion of codimension d = n — m. Then we define ^f,£» by the commutative 
diagram 

(B.1.7) 0JY/x[m] 0Oy L/*f' f£' 



Z.TT 



where Cj^Tr is the transitivity isomorphism [CoOO, (3.3.14)]. 

This isomorphism is actually independent of the chosen factorization. To check 
it, one can argue as in A. 2 to reduce the comparison between the isomorphisms 
(B.1.4) defined by two factorizations f = ir o i = n' o i' to the case where there 
is a smooth X-morphism u : P' ^ P such that u o i' = i. It is then a long but 
straightforward verification, using various functorialities, the compatibility between 
Cj'/ „ and the isomorphism ~ i'^u^ [CoOO, (2.7.4)], the compatibility between <^!^^^ 
and the isomorphism tt'* ~ [CoOO, (2.2.7)], and the properties (VARl), (VAR3) 
and (VAR5) of the functor /' (sec [Ha66, III, Th. 8.7] and [CoOO, p. 139]). 

Since f'S' is acyclic outside degree —m — r, a morphism ajy/xb^] L,f*£' — )■ 
f'S' in D{Oy) is simply a module homomorphism ojy/x (8> f*jC H""^^'^ {f S') . 
Therefore, the prcA-iouH construction provides in the general case local isomorphisms 
which can be glued to define a global isomorphism even if there does not exist a 
global factorization / = tt o i as above. 

When S* = Ox[0], the isomorphism (B.1.4) will simply be denoted 

(B.1.8) \f:uY/x[m]^f'Ox. 
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If / is flat, hence is a CM map, it provides the identification between the construction 
of wy/x used in this article, and the construction of Conrad for CM maps [CoOO, 
3.5, p. 157]. 

We now give for the isomorphisms A j^g • a transitivity property which generalizes 
(B.1.7). 

Proposition B.2. Let f : Y ^ X , g : Z ^ Y be two complete intersection mor- 
phisms, with virtual relative dimensions m, m' , and let = ll\r\, for some invertible 
Ox-TTiodule L and some integer r. Then the diagram 
(B.2.1) 

uz/x[m + m'] ®Oz UfgyS' (/ff)'^* 



•g.f 



iOz/Y[m'] ®Oz ^9*f^£' 9-f^£' '-^-if^ 9f£' 

commutes. 

Proof. The commutativity of the lower part of the diagram is due to the functo- 
riality of the isomorphism Xg with respect to morphisms between two complexes 
concentrated in the same degree. 

We first observe that the commutativity of (B.2.1) is clear in the following cases: 

a) If / is smooth and ^ is a closed immersion, the diagram is (B.1.7), which 
commutes by construction. 

b) If / and g are smooth, the isomorphism (fg)"^ = 5^/" is defined by Cg 
hence the commutativity of (B.2.1) is the compatibility of the isomorphisms ej with 
composition, i.e., property (VAR3) of the functor /' [CoOO, p. 139]. 

c) If / and g are regular immersions, then isomorphisms such SiS r]fg commute 
with j: and Cgj [CoOO, Th. 2.5.1], and the commutativity of (B.2.1) follows from 
the compatibility of the isomorphisms df with composition, i.e., property (VAR2) 
of the functor /' [CoOO, p. 139]. 

We will also use the following remark. Let h : T ^ Z he a third complete 
intersection morphism, yielding the four couples of composable complete intersection 
morphisms {h,g), {g,f), {gh, f) and {h,fg). Then, if the diagrams (B.2.1) for the 
couples {h,g) and {g,f) are commutative, the commutativity of (B.2.1) for {gh, f) 
is equivalent to the commutativity of (B.2.1) for {h,fg): this is a consequence of 
(A.6.1) and of the compatibility of the isomorphisms Cgj with triple composites (i.e., 
property (VARl) of the functor /' [CoOO, p. 139]). 

In the general case, the complexes entering in (B.2.1) are concentrated in the 
same degree, hence its commutativity can be checked locally. So we may assume 
that there exists a diagram (A. 5. 2) . Thanks to the three particular cases listed above, 
one can then deduce the commutativity of (B.2.1) for {f,g) from the commutativity 
of (B.2.1) for (vr'ji), by applying the previous remark successively to the triples 
(i',i",7r"), (iV,7r",7r), (i',7r',i) and (5,i,7r). 



RATIONAL POINTS OF REGULAR MODELS 



77 



To prove the commutativity of (B.2.1) for (7r',i), we use the factorization ioir' = 
it" o i" to define Aj^/^g. Let d be the codimension of Y in P, and n' the relative 
dimension of P" over P. Then, if £" is a complex on P as in B.l, (B.2.1) for (7r',z) 
is made of the exterior composites in the diagram 
(B.2.2) 

ujpi ip[n' — (J\ 



L L Xtt" i' 

wpyy [n'] (g) 7r'*{ujY/p[-d] <8) L,i*£') — ^ 





L L 

■ ujp,/pn[-d\ <S) Li"*{ujp„/p[n'] ® it"*£') 



\".-k"»£- 



'(V'£-)=i"'K") 




TT VC 



Here, the middle horizontal arrow is the standard isomorphism [CoOO, Lemma 2.7.3], 
and the lower rectangle commutes thanks to property (VAR4) of the functor f 
[CoOO, Theorem 3.3.1]. The upper triangle commutes thanks to (A.4.2). To check 
the comutativity of the middle rectangle, one observes on the one hand that r/j 
commutes with the flat base change it" and that r/,// commutes with tensorisation 
by the invertible sheaf upn/p (see [CoOO, last paragraph of p. 54]). On the other 
hand, rji" commutes also with the translation by n', provided that the convention 
[CoOO, (1.3.6)] is used for the commutation of the tensor product with translations 
applied to the second argument (see the discussion on [CoOO, p. 53]). This requires 
here multiplication by (— l)''"' on upi/pn (8) i"*u}pii/p, since u!p//p/i sits in degree d. 
As this is the sign entering in the definition of Xtt",!, this ends the proof. □ 

B.3. Assume now that / is proper. As in B.l, let £' = £[r] € D^ohi^^)-: ^ being 
an invertible Ox-module and r an integer. Using (B.1.4), we can define the trace 
morphism Trj^, on Rf^f'^S* = M/*(a;y/x[?^] "^Oy ^f*£*) as the composite 



(B.3.1) 



where Trj denotes the classical trace morphism defined in [Ha66, VII, Cor. 3.4] and 
[CoOO, 3.4]. When £' = Ox[0], we will use the shorter notation 

(B.3.2) Tij : Rf4coY/x[m]) ^ Ox- 

We first give some basic properties of the morphism Trj. 

Lemma B.4. With the previous hypotheses, let 



(B.4.1) 
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be the isomorphism given by the projection formula [Ha66, II, Prop. 5.6]. Then the 
diagram 



(B.4.2) 




Tr»(g)Id 



commutes. 

Proof. When / is flat, it suflfices to invoke [CoOO, Th. 4.4.1]. Since we make no such 
assumption on /, we give a direct argument, which is made a lot simpler by the very 
special nature of the complex £*. 

Using the fact that £' = J~-[r], with C invertible, one easily sees that there is a 
canonical isomorphism which commutes with translations acting on £* 



(B.4.3) 



On the other hand, we have by definition a canonical isomorphism 



(B.4.4) 



fiO, 



which also commutes with translations. A first observation is that the diagram 



(B.4.5) 



A/® Id 



f Ox ®Oy • 



(B.4.4) 



f^S' 

A 



(B.4.3) 



f£' 



commutes. Indeed, all complexes are concentrated in the same degree m — r, hence 
the verification can be done locally. This allows to assume that £ = Ox, which 
reduces the verification to the commutation of the vertical arrows with translations 
acting on £* . This now follows from the fact that the isomorphisms Cf, rjf and df 
used in the construction of A/ commute with translations. 

Applying M/* to this diagram, and using the functoriality of the projection formula 
isomorphism, the proof is reduced to proving the commutativity of the diagram 



(B.4.6) 



j'Ox 



£' 



, L (B.4.3) 

.ifOx ®Oy l^f*£')-^ 




Try (gild 



where Uf is the projection formula isomorphism. As all morphisms of the diagram 
commute with translations, we may assume that r = 0. We recall that Tr^ is defined 
as the morphism of functors defined by the composite 



Tr 



nomox{Dx{-),f*f'^K) ^^Rnomox{Dx{-),K) 4 



Id, 



where the first isomorphism follows from the definition of and the adjunction 
between L/* and M/*, the second morphism is defined by the trace morphism for 
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residual complexes Trj^i^: and the last isomorphism is the local biduality isomor- 
phism (see [CoOO, p. 146]). Each of these morphisms has a natural compatibility 
with respect to the tensor product of the argument by an invcrtible sheaf. Putting 
together these compatibilities yields the commutativity of (B.4.6). □ 

Proposition B.5. Let g : Z Y be a second proper complete intersection mor- 

phism, with virtual relative dimension m' . Then the diagram 

(B.5.1) 



RURg^iJz/xim' + m]) 



Tr 



/9 



Tr» 



■.{uz/YVn']) ®Oy ^Y/x[m]) 

K/*(Trg«(giId) 

-M/*(a;y/xH) 



Ox^ 

{where the second isomorphism is given by the projection formula) is commutative. 

Proof. It follows from Lemma B.4 that the right vertical arrow is equal to the mor- 
phism 

Tr' 

Rf,Rg4ujz/Y[m']®g*iojY/x[m])) > Rf^uy/xim]). 

Then, using adjunction between R/* and and adjunction between Rg^, and g' , 
one sees that the commutativity of (B.5.1) is equivalent to the commutativity of 
(B.2.1). □ 

Proposition B.6. With the hypotheses of Proposition A.l, assume in addition that 
X and X' are noetherian schemes with dualizing complexes, and that one of the 
following conditions is satisfied: 

a) / is projective; 

b) / is proper and u is residually stable [CoOO, p. 132]; 

c) / is proper and fiat. 
Then the triangle 



(B.6.1) 



]Lu*Rf4ujY/x[m]) 



(A.3.2) 



RfiiiOY'/x'[m]) 




is commutative. 



Proof of Case a). We can choose a factorization / = vr o i, where vr : P — )• X is the 
structural morphism of some projective space P = over X, and i is a regular 
immersion of codimension d = n — m. Let /' = tt' o i' be the factorisation of /' 
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defined by base change, with vr' : P' = P^, — > X' , and lei w : P' ^ P be the 
projection. 

The isomorphisms Q[ ^ and ^, arc clearly compatible with the base change 
isomorphisms (A. 3.1) relative to / and ti, and the same holds for the projection 
formula isomorphisms /Uj,tjp/x["] ^^"^ ^''i' ,wp, /^,[n]-, and the base change isomorphisms 
(A. 3.1) relative to i and w. Then, using Proposition B.5, one sees that it suffices to 
prove the proposition for f = i and for f = tt. 

When / = TT : — )• X, let Xq, . . . ,Xn be the canonical coordinates on P^, 
and Xi = Xi/Xo, I < i < n. If il is the relatively affine covering of P^ defined 
by Xq, . . . ,Xn, the corresponding alternating Cech resolution provides a canonical 
isomorphism 

(B.6.2) MC'{ii,ujp/x)[n]) ^RMup/x[n]). 

Recall that : vr'' = vr' identifies the trace morphism for projective spaces Trp^ 
with the general trace morphism Tr^r [CoOO, Lemma 3.4.3, (TRA3)]. Then the 
commutativity of (B.6.1) for tt follows from the fact that, thanks to (6.6.2), Trp^ 
can be characterized as the only morphism which, via (B.6.2), induces on 'HP the 
map sending the cohomology class dx^ A ... A dx^i/ x-^ • • • x^ to (_l)«("-l)/2. 

When f = i :Y ^ P, recall that di : = v identifies the trace morphism for finite 
morphisms Trfj with the general trace morphism Tr^ [CoOO, Lemma 3.4.3, (TRA2)], 
and that Trfj : WHomop{OY,Op) Op is the canonical morphism induced by 
Op -» Oy- Using local cohomology with supports in Y, it can be factorized as 

(B.6.3) Trfj : RHomo^(Oy, Op) RFyiOp) Op. 

On the other hand, there exists a canonical morphism 

(B.6.4) hw*RTY{Op) — >RTy'{Op>), 

which is an isomorphism: to check this, it suffices to choose a finite affine covering 
53 of y = P \ F, and to identify RTy{Op) with its flat resolution provided by the 
total complex 

Op^j,Ci^,Ov), 

where j denotes the inclusion of F in P and Op sits in degree 0. Moreover, this 
shows that the diagram 

hw*RTY{Op) > Lw*{Op) 

RTy'iOp') ^ Op/ 

commutes. Therefore, it suffices to prove the commutativity of the diagram 
(B.6.5) hw*i4ojY/p[-d]) > Lu;*Rry(Op) 



^Mry/(C'p/) 
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Since Y' P' is a regular immersion of codimension d, all complexes in this diagram 
are acyclic except in degree d, so that, up to translation by —d, the diagram is 
actually a diagram of morphisms of Op/-modules. It follows that its commutativity 
can be checked locally on P'. Thus we may assume that P is affine, and that the 
ideal X of 1" in P is generated by a regular sequence ti, . . . ,t(i. Then the ideal I' 
of Y' in P' is generated by the images t[,. . . ,t'^ of ti, . . . , in Opi, which form a 
regular sequence. Let 9J = {Vi,... , V^) be the open covering of P\Y defined by the 
sequence (ii, . . . , td). For any section a G T{P, Op), let us still denote by a/ti ■ ■ - td 
the image of a/ti ■ ■ - td & r(Vi n . . .nVd, Op) under the canonical homomorphisms 

r(Fi n . . . n Vd, Op) ^ h'^-\p \ y, Op) ^ h^{p, Op) = r(p, n^{Op)). 

Then the canonical morphism 

OOY/P £xt%^{OY, Op) ^ n^{Op) 

maps A ... A t^) (8) a to e{d)a/ti ■ ■ - td, where e(d) G {±1} only depends upon d 
(see [CoOO, p. 252-254]). The commutativity of (B.6.5) follows. □ 

Proof of Case b). When u is residually stable, the diagram analogous to (B.6.1) 
commutes, thanks to [CoOO, 3.4.3, (TRA4)]. Moreover, the isomorphisms e^^ and di 
entering in the local definition of in B.1.4 c) also commute with base change by 
u, thanks to [CoOO, p. 139, (VAR6)]. Then it suffice to observe that rfi commutes 
with flat base change, which is clear. □ 

Proof of Case c). When / is flat, / is a CM map, and the results of [CoOO, 3.5 - 3.6] 
can be applied. Then the commutativity of (B.6.1) follows from [CoOO, Theorem 
3.6.5], provided one checks that A/ identifies the base change isomorphism (A.3.1) 
for LJy/x with the more subtle base change isomorphism /^^ ^ for cjf defined in [CoOO, 
Theorem 3.6.1]. As we will not use Case c) in this article, we leave the details to 
the reader. □ 

B.7. Let X be a noetherian scheme with a dTializing complex, and f : Y ^ X 
a proper complete intersection morphism of virtual relative dimension 0. One can 
define in D^^^^^iX) a "trace morphism" 

(B.7.1) Tf : M/*(Oy) Ox 

as follows. Thanks to the relative duality theorem (see [Ha66, VII, 3.4] or [CoOO, 
Th. 3.4.4]), defining Tf is equivalent to defining a morphism Oy — > f'Ox- Using the 
isomorphism A^, this is also equivalent to defining a morphism 

(B.7.2) ^^,Oy^uy/x, 

i.e., a section of the invcrtible sheaf ujy/x- We define (pj as being the morphism 
which maps 1 to the canonical section 5^ of 0Jy/x-> defined in A. 7. 

Prom this construction, it follows that the morphism r/ can be described equiva- 
lently either as the composition 

(B.7.3) Tf : M/.(Oy) ' ' Mf.ifOx) -A Ox, 
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or as the composition 

(B.7.4) Tf : RMOy) m{o^Y/x) ^ Ox, 



Tr" 



where Tr' is the trace map defined in (B.3.1). 

Before proving Theorem 3.1, we relate tj to the residue symbol defined in [CoOO, 
(A. 1.4)] (which differs by a sign from Hartshorne's definition in [Ha66]). 

Proposition B.8. With the hypotheses of B.7, assume in addition that f is finite 
and flat, and that f = w o i, where tt is smooth of relative dimension d, and i is 
a closed immersion, globally defined by a regular sequence (ti, . . . , t^) of sections of 
Op. Then, for any section a of Op, with reduction a on Y, we have 



adti A . . . A dtd 
ti,...,td 



(B.8.1) Tf{a)=Resp/x 
Proof. Let oj = adti A A dt^,. By construction, the residue symbol is given by 



(B.8.2) 



Res 



p/x 



h, - ■ ■ ,td 



where ip^ : /*Oy — > Ox is the image of (t^ A . . . A t^) ® by the isomorphism 

of complexes concentrated in degree [CoOO, (A.1.3)] 



(B.8.3) 



4- i 



'Jo^ 



> f'Ox; 



here f^Ox = HomoxihOy , Ox) viewed as a Oy -module, and ^j^jr is the canonical 
isomorphism of functors i^'K'^. Since Trf/ is the morphism 

f*'Homox{f*OY, Ox) Ox given by evaluation at 1, we can use the isomorphism 
df : f^ ^ /• and the equality Tr/ o f^{df) = Trf/ [CoOO, 3.4.3, (TRA2)] to write 
(B.8.4) 



Res 



p/x 



ti,. . . ,td 



^_lfid-m T.f{f.{df o o ryri)(iV a . . . A ® i\u^))). 



On the other hand, we have by definition 

= (-l)'^(«'-l)/2 tXA...At'i® i*idti A A dta), 

SO we deduce from (B.7.3) the equality 

Tf{a) = Tifif^Xf oipf){a)) 

= (_l)^(^-i)/2 Tr/(/,(cr^ o i\e^) o d, o nr^){tX A . . . A i> i*{u))). 

Therefore, it suffices to check that 

df°'^ll = %l°H(^^)°di^ 
and this results from (VAR5) [CoOO, (3.3.26)]. 



□ 
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B.9. Proof of Theorem 3.1. 

(i) The transitivity formula (3.1.1) is the equahty of the exterior composites 
in the diagram 



9*{<Pg) 



R/.Rs.(¥'/9) M/.Rg.(Id®Lg*(<^/))| 



R/.{Trg«) 



Tr 



R/*(Tr|(8iId) 



Ox 



Tr" 




where the upper left square commutes thanks to (A. 8.1), the lower left square is the 
commutative square (B.5.1), and the right triangle commutes by functoriality. 

(ii) Thanks to Proposition B.6 and to the description (B.7.4) of r/, the assertion 
follows from the compatibility of the canonical section 5f with Tor-independent 
pull-backs (proved in Proposition A.8 (ii)) and the functoriality of the base change 
morphism. 

(iii) To prove (3.1.3), it suffices to prove that the equality holds in the henseliza- 
tion 0\ ^ of the local ring of X at each point x. As the morphism Spec 0\ ^ X 
is residually stable [CoOO, p. 132], Proposition B.6 and the commutation with base 
change of the classical trace map for the finite locally free algebra allow to 
assume that X = Spec A, where ^4 is a henselian noetherian local ring. Then Y is 
a disjoint union of open subschemes Yi = Spec Bi, where Bi is a finite local algebra 
over A. Each of the morphisms 1^ — >• X is a complete intersection morphism of 
virtual relative dimension (since this is a local condition on Y), and the additivity 
of the trace (valid both for Try, hence for Tf, and for tiace f^Q^/Q-^) shows that it 
suffices to prove (3.1.3) for each morphism 1^ — >■ X. So we may assume that B is 
local. We can choose a presentation B = C/I, where C is a smooth A-algebra, and 
/ is an ideal in C. Let P = SpecC, I = lOp, and let y € y C P be the closed point. 
Then ly is generated by a regular sequence {ti, . . . ,td). Shrinking P if necessary, 
we may assume that ti,. . . ,td generate I globally on P, so that the hypotheses of 
B.8 are satisfied. Then (3.1.3) follows from (B.8.1) and from property (R6) of the 
residue symbol [CoOO, p. 240]. □ 
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